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CRACK DEVELOPMENT IN PLANE UNDER THE ACTION OF
COMPRESSIVE LOAD

I. S. Arshon and A. V., Starosel'skii UDC 539.375

1. Formulation of Problem

The initial development of a single crack with a compressive stress acting at some angle
vy € (0; n/2) to the plane of this crack is considered {5, 6], in the case where approximately
rectilinear side arms [1, 2, 7, 8] of length & << ¢ have begun to appear under the action of
the external load at the initial crack AB (Fig. 1). The approximate model of this process is
based on the plane elasticity-theory problem [8] with boundary conditions

Tep = — T+ B0y [o]=[0,]=0; (x|<cy=0) (1.1)
Oge = Trp = 0 O<rLp=0) (1.2)
0, (00) = 0y; 0, () = 0,. (1.3)

Here p is the frictional coefficient between the sides of the basic crack; (r, ¢) are local
polar coordinates in the vicinity of the points (#c; 0); o0,, 0, are the principal stresses
at infinity.

Solving the problem in Eqs. (1.1)-(1.3), the stress-intensity coefficients at the tips
of the side arms are found. According to one of the known criteria [4], crack development
occurs in the direction determined by the condition KII(e, £) = 0. Solving this equation
with fixed %, the angle 6 = 8(2) is found. The length is now assumed to be variable, within
the interval (0, %;), %, << c. The quantity 6, = 8(+0), as soon as its exists, specifies
the angle between the basic crack and the side arms. Suppose that 6, is the angle of crack
advance. The dependence of this angle on the parameters Yy and p is of interest. Then the
local stability of such a crack is determined by the sign of the derivative 9Ky(e, 2)/a%.

In this approach, the problem reduces to finding the asymptotes of the stress-intensity
coefficients for Egs. (1.1)-(1.3) as &/c » +0, the other parameters being fixed. Regardless
of the possible interpretations, the significant terms of this asymptote may be taken to be
approximate formulas for the given coefficients when 2 << c, which are useful specifically in
those cases where methods of numerical calculation become unreliable.
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2. Method of Solution

The stress-intensity coefficients at the tip of the side arms are determined by the
expression

Ki 4 (R = @20 e® lim o (el T— 1, (2.1)

re+{—0
where a{r) is the density of the dislocation distribution

G-e'®

EITES (f)) + i)y o< r<b.

a(r) =
Here G is the shear modulus; k is the Muskhelishvili constant; the square brackets denote a
discontinuity in the quantity which they enclose. The function a{r) is a solution of the
singular equation [8]
!

2ei9% (1) ! -
aacTGAPA g(a(rm (o5, 0)+ T Lo (5, O)dr = Q (s, 0 O<s<l. (2.2)
o B
Here
Ly(r,s,0) = (1 — 2% [} (z, — 2,) G (2, 2)) — [ (F (2, 2) + F (2. 2,))] +
R @29 = F(2.2)) — P (20— 2,) G (2, 2) + €29 (z — 2) (2.3)
. , , - Tz, I
X (=200 ez — B (2,20 + F (2200 i € —
Ly(r, s, 0) = (1 —202) (B (F(z, 2,) - F (2. 20) + B (20— 2,) G (2, 2,)) —
—P (Fla 204 F(2,2,) —B (2, — 2,) Gz, 2) + €%z — 2) % (2.4)
_ , — — , — 1 200 A
X ((F (2,20 + F (2.2)) + (20— 2) B . zu))—( e
Also
Fz,z)=|1——= // 570\ _n
(2,20 = —_Zo_l 2 2 Z:—Zg ’ (2.5)
2 ) 222
.z / % _
G(z,2) = (1 z PR ) @ — 2 -+
/ 2z 1
-t — .6
+< V=)@ — ) )T*dé (2.6)
2 = ¢ + se'®; 2y = ¢ 4re'™ p=1/2 4 1/2ip.
The expression for the right-hand side of Eq. (2.2) takes the form
5, 0) — - r z . z
Qs 0) = 2 (” Hy +T)LV?*%£ | - ™
+e2f9< -2 | 2 _2)}_*_ 0% f oy n PQ"O(—U—y—w———-‘—O—?———_}_['T”‘ (2.7)
F—c) VR 2 ’ 2 <

(=3

Here oi, Oys r:y are expressed in terms of the principal stresses o,, 0, by the well-known
formulas of plane elasticity theory.

It is simple to verify that, at the point r = s, i.e., at z, = z, the functions L; and
L., have eliminable discontinuities at each 6 & (0, w/2).

In [8], the results of numerical solution of Eq. (2.2) with subsequent calculation of Kg
and K17 according to Eq. (2.1) are shown (in graphical form) for a set of parameters %, T.,
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U, Y. As is evident from [8], it is impossible to obtain numerical information on the limit-
ing values of K1 and Ky1 as £ » +0 even for the parameters employed. The approximate formula
proposed in [8]

am=—=;rwww3—ﬂ+wwi\m<mﬂ
}orl—r) 1 Ly (2.8)

is also unsuitable in the case where ¢ <<_c. In fact, according to Eq. (2.8), a(+0) = =; it
is shown that there is no singularity 1/vr in the function a(r). In connection with this,
the asymptote of the stress-intensity coefficients Ky and K17 is obtained directly from Eq.
(2.2).

3. Asymptotes of Terms of Integral Equation

Considering Eq. (2.2) as an identity when 0 < s < %, pass to the limit as s » £ — 0.
Introducing the notation

A(ry=a(nN-V I—r (3.1)
! o
1,(5,0) - - \._Q_f_.ff—(:)‘dr (3.2)

0
and using elementary methods of asymptotic estimation of given integrals [3], the following
relation is obtained for all £ > 0 and 0 < 6 < 7/2

L O+ 1 (L0 =QL0x >0, 0<U<4, (3.3)
where L b
To(1.0) —ch‘“[ 2"1;[} +\ A(‘f):,;i,ﬁ” , (3.4)
! —_— dr
Iy, 0): “\ (A()-Ly(r, 1,0) + A7) -Ly(r, 1, 0))7—7_?_-7 . (3.5)
The functions Q, L,, L, are defined by Egs. (2.3)-(2.7). It follows from Eg. (2.5) that
Qamzi¥§1+amm+om.a»+m, (3.6)
where
QWWﬁf;hi(&m-1Nm%ﬂWr—%“mY@mY—Hﬂﬂw—Hm+4J (3.7)
C,(0,9) = (0, + 0,) (i — e -"sin0) — (5, — 0,) *f> cos 2y — (T.e>". (3.8)

Thus, Eq. (3.3) leads to the asymptotic equation
I

- e - |
__Qeio< 24 (1) + 1 \ AEII)—A;TI) dT>+l7\ (A(v)-L (It LO)+

i

/ 7
v ey K ; (3.9)
—_— C, 0,y
ALyt 1, ) SO e 0w o (),
J 1—= 1)
Asymptotic expressions for L, and L, are obtained from Egs. (2.3) and (2.4)
i
Lot L, 0) = — L, (1, 0) + 0 (1), (I——+ 0),
(T ) ] 10 ( ) (D, ( - (3.10)

Ly, 1,0) = }_Lg,, (T 0) = 0(1), (—+0)
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and L;, and L,, are determined using relations which follow from Eqs. (2.3) and (2.4)

] e-—iil

[(:,20):—1——1—]—?—']’* 0(1) (Z—*v- O)V
_ 1 e—i0 ‘ X
F(szo):Tmfo(l) (I——+0x
- - fe—10 gi . T
@w—mckﬂo:—mL'm sin0 - Vv LOW) (- -0 (3.11)

20 (1 ) teminy

. o . =
1 ie—0sinp) T

(20 —2) G (2,29 = T W— 4 0() (== 0
- 1 ie~205in0(2 - 17
(2—2)Fo(z,2p) = — — - +0() (— =0
-, = 1 ie=29sin0(2 + ) 7e—i9)
z2—2)F.(2,2) = — — — oy (I— -0y
=2 Fia2) = — o e MUNCEEE
P22 —2VG (2. 3) = L LTSI 0@ 4 Ve VT .
(z—2)(2,—2)GC.(z,2,) = <7 (o 1 ety 4-0(1) (I—+0);
s YT 1 e3sint 03 - 1 )T ' _
(Z 2) (le 2(]) GZ(Zviu) —-—22_ (1 »}_ l ;)3 ‘f—O(l) (l—*—fO),
22 ey 1 L O
(z-r 20)2 e - (Z - Z,,) B O(l) ([ A O)’
] 2216 ‘ ‘ n
P i O Uneh MU G sefo,zo:wfe"’vOEJO’TD'

4. Expansion of A(r) in Generalized Power Series

Series expansion of A(r) in Eq. (3.1) in powers of v(2 — r) (0 < r < &) and substitution
of the result in Eq. (3.9) leads to the conclusion that the singularity of A(r) at the point
r = +0, where it exists, takes the form

A(r)Na(O)'r_k (/_>+O) (4.1)

In connection with this, A(r) is sought in the form

A(ry = > (ay (0,9 4 a, (0, %) -1+ ..) + (bo (0, 7) + 0, (0, 7)- 7+ ...). (4.2)
Let T denote the additive integral operator on the left-hand side of Eq. (3.9). Then

Tlar’='|=(aP} (6, 0) + aP} (8, 8)) ' *(aP} (8, 0)4+aPi (s, 0) £ ' +

(4.3)
+o(1)(l >+ 0),
where Pi, P{, P}, PZ do not depend on 2. Hence and from Eq. (4.2), it follows that
TTA)] = (ay (8, )-P1 (8, 0)+ a, (0, 1)+ PF (8, 0) 172 4 (b (0, )- P1 (1, 0) +
+ bo (0, %)+ Pi (1, 0) 177 + (@, (0, 1) P2 (5, 0) + @, (8, 1) P2 (6, )+ (4.4)

C

+a (U )-PHO+ 1,0) + a, (0, ) P S+ 1,00 1 ~—9§%1L+Cl O, +o(l) (=40 OIS

It may be concluded on the basis of Eq. (4.4) that & may take the value 1/2, so that Eq.
(4.2) takes the form

A(r) = _‘i%‘??l)_ + by (0,7 4 a @V Vr+ . (0<r<D. (4.5)

Under the condition in Eq. (4.5), Eq. (4.4) leads to the relation

a
0; 5

(4.6)

2, (0, 7)- Pl (1/2,8) +a, (0, 7) Pi (1/2,0) =0 8¢

L
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Equation (4.6) is a linear homogeneous system in terms of Re a, and Im a,, with the deter-
minant

2

2 s
A(B):lP} <T,e>‘ _ P%(%,e)
Values of A(6) are found for 6=1°"K, K =1, 2, ..., 8 and p= 0, l'm;y m=20, 1, ..., 8,
with a guaranteed absolute error of 1073, It is found that, with any of the given combina-
tions of k and m, the corresponding values of the determinant lie on smooth curves and these
values are known to be nonzero. Thus, it remains that a,(8, y) = 0.

Note. It follows from the foregoing that, with all the given 8, the function a(r) =

A(r)/Y(2 — r) does not have an integrable singularity at r = +0, according to Eq. (4.5).
Without constituting strict proof of this result, the given calculations show that the
opposite is unlikely to be true. Finally, in view of Egs. (3.9), (3.10), and (4.5), the
asymptotic equality for A(r) takes the form

1 1

o ZAD 1 A —A 1o
_Qee( 7T TV Ta—am Sy | Ak 0+
0 0
- AT Ly (1) i = =20 0 @+ 0 (1) (> 40

.

This determines the asymbtote of A(r) and also,mggéording to Egs. (2.1) and (3.1), the asympt-
ote of the stress-intensity coefficients.

5. Asymptotes of Stress-Intensity Coefficients. Some Conclusions'
Assuming that a,(8, y) = 0 in Eq. (4.5) and reverting to Eq. (2.1). it is found that

@)= (K, + iKi) = A (L0, 1) = b, 0, N+ a; 0.V I+0 VD, (=<0, (5.1)

where a,(8, y) and by(8, y) are determined from the system of equations
b, (0. 7) P, (1,0)+ By O 1)+ P (1,0 = Co @ @ 0, 1) P32, 0)+ 0, 0. WP (32,00 = G (09 (5.2)

the right-hand sides C,(6, y) and C,(6, y) of which are determined by Egqs. (3.7) and (3.8),
while the coefficients P are obtained from Egs. (3.10), (4.4), and (4.7) with § = 1/2, a,(6,
v) = 0. The expression for b,(8, y) takes the form

1
|PL(L,0) ] —| Pi(1,0)

b (®, 1) = (Re (PL(1,0)— P} (1,0)C, @ ) — Im(Pi+P) GO (5.3)

The functions P}(1, 8) and P%(1, 8) are expressed in terms of the function ®(z) and its first
two derivatives, where

: d 4 N ] (Z—l)n,
VI T =x0 421y z+1 21z 1) (5.4)
0 n=-0

z ==, 00, /).

~

D (z) =

As is evident from Eq. (5.4), ¢(z), ¢'(z), 9'"(2) are series of terms with alternating signs

in powers of tan(6/2), which simplifies their calculation and the estimation of the error.

In the second relation in Eq. (5.2), Pi(3/2, ) and P%(3/2, 0) are expressed in the same
manner in terms of ¢(z) and its derivatives. Note also that according to Egs. (3.7) and (5.3)

by (0, 7) = ((06; — 6,) siny (cOsy — p-siny) —uo, + 1) b (0). (5.5)

From Egs. (5.3)-(5.5) and the analogous formulas for a;(6, y), the stress-intensity coeffi-
cients K1(8, v, n) and K17(8, Y, u) are calculated using Eq. (5.1).
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The results of these calculations permit the following conclusions.

The coefficient Re(al(e)eig) of the asymptotic Eq. (5.1) is negative with any choice of
parameters. Accordingly, crack growth is stable in the initial stage of its development.

At small angles y, as follows from Egs. (3.7) and (5.5)

By (8,%) = (— 1o, + T+ (6, — ) VO (B) + 0%, (v — 4+ 0)
a,0.7)=a0+00) ¢—+0),

(5.6)

therefore, the expression for the stress-intensity coefficients at the end of the side arms
at small y takes the form

Ky + iKn = 0% (—uo, + 1, + (6, — 0,) 1) b (0) 0 + a, (6) VI 0U+Y), (=~ +0) (5.7)
If the expression in parentheses in Eq. (5.7) is zero, the stress-intensity coefficients tend
to zero with decrease in length £. In particular, when vy = 0 and 1. = 0, = 0, Ky + iKy1 =
0(vV2) (2 » +0).

The stress-intensity coefficients calculated in the present work with &/c = 1072-10"1
are close to the corresponding numerical results [8], although they are obtained by a funda-
mentally different method.

The limiting values of

Ky ,
Vac (0, — 6,) sin y (cos y — p siny) — uo, + 1,) ‘
_ Ku
g V'nc (0, — 6,) siny (cos y — psin y) — po, + 1)

do not depend on the angle of application of the external load y. The dependence of these
quantities on the break angle of the crack when t. is shown in Figs. 2 and 3. As is evident
from Figs. 2 and 3, K, decreases with increase in firctional coefficient.

As is evident from Figs. 2 and 3, Ky(6) reaches a maximum as &/c » 0 with fixed y and
u and Ky7(8) vanishes at the same value of 6, = 6,(u). Hence, K% + KiI also reaches a maxi-

mum at the same value of 6,, i.e., the use of any of the widespread criteria of crack growth
in" the given problem [4] gives the same value of 6,.
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It is established that 0, is practically independent of the angle of application of the
external leoad and decreases linearly with increase in frictional coefficient. This dependence
is described by the formula

0, (1) = 68> — 5.

The error of this dependence with respect to the results of numerical calculation is no more
than 1%. The value of 6(+0) is close to the experimental data [5, 8]. Curves of x =+ ¢ +
L cos(6(2)); y =+ 2sin(6(2)); (0 < ¢ < &,) may give an idea of the form of the curvilinear
side arms which appear. As follows from numerical analysis of the asymptotes for the two
terms, the character of flexure of the developing crack in uniaxial compression (o, = 0) de-
pends on the angle y. In the interval y «(0; 7#/5), the results of calculation with u =0
and 1. = 0 clearly show the downward convexity of the initial curvilinear crack; when y e
(n/4; ©w/2), upward convexity is seen.
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