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Abstract
The effect of a reduced section thickness leading to creep strain greater than
that observed in the creep response of thicker sections is termed the thickness
debit effect. We carry out three-dimensional analyses of the creep response
of specimens with rectangular cross sections under uniaxial tensile loading
having a boundary damage layer and explore whether this can account for the
thickness debit effect. The particular damage mechanism modeled is plastic
void nucleation, growth and coalescence with void nucleation taken to be
confined to a surface layer and the material characterized as an elastic-power
law creeping solid. Three-dimensional transient analyses are carried out but
used to simulate quasi-static loading conditions. Results are presented for the
effect of the thickness of the boundary damage layer on the creep response.
The effect of varying the parameters characterizing the void nucleation process
is also investigated. The results qualitatively exhibit a variety of features of the
thickness debit effect seen in experiments.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

As turbine design advances, the cooling passages in the superalloy turbine airfoils become
increasingly complex, thus necessitating castings with significantly reduced thicknesses. There
is experimental evidence, for example [1–5], that, at least in some cases, the reduced section
thickness leads to superalloy creep deformation greater than what would be predicted based
on the creep response of thicker sections. This is referred to as the thickness debit effect.
Figure 1 shows creep strain data from Seetharaman and Cetel [5] illustrating the thickness
debit. Curves of creep strain versus time are shown for single crystal sheet specimens of a
nickel-based superalloy at an applied load (force/unit original area) with values of the sheet
thickness varying by nearly an order of magnitude. The more rapid accumulation of creep
strain for the thinner specimens is evident.

Baldan [4] argued that the creep response is controlled by the crack size to section size
ratio. He presumed that the damage mechanism responsible for the thickness debit effect
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Figure 1. Effect of specimen thickness w on the creep strain versus time t for sheet specimens
tested at 871 ◦C with an applied load of 413 MPa. Data from Seetharaman and Cetel [5].

occurred throughout the section. Seetharaman and Cetel [5] considered several possible
explanations including cavity nucleation, growth and coalescence; oxygen embrittlement due
to stress assisted grain boundary diffusion; and changes in anisotropy with section thickness.

Constitutive modeling of creep rupture has focused on the development of models for
polycrystalline materials where grain boundary diffusion plays a prominent role as in [6–9].
However such a mechanism is not relevant for single crystal superalloys. The scenario we
model is one in which surface defects lead to enhanced damage evolution in a surface layer
with the specific damage mechanism being plastic void nucleation, growth and coalescence.
Any possible diffusional contribution to void growth is neglected. The size of the damaged
layer is assumed to be material specific and not to depend on the loading scheme or the specimen
geometry. We examine the implications of such a damaged surface region for the observed
thickness debit effect.

Three-dimensional analyses are carried out using the constitutive relation for progressively
cavitating plastic solids due to Gurson [10] with the modified flow potential of Tvergaard
[11, 12] and with the matrix material elastic–viscoplastic (Pan et al [13]). Isothermal

conditions are assumed, the material parameters are chosen so to represent power law creep
of the matrix and void nucleation is taken to be confined to a surface layer. The interior of the
material is void free. Full transient analyses are carried out but used to simulate quasi-static
loading conditions. Our focus is on the effect of the ratio of surface layer thickness to specimen
size on the evolution of the creep strain.

2. Formulation

2.1. Governing equations

The finite element calculations are based on the dynamic principle of virtual work, as in [16]
which is written as∫

V

τ ij δEij dV =
∫

S

T iδui dS −
∫

V

ρ
∂2ui

∂t2
∂ui dV (1)
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Figure 2. The specimen analyzed in most of the calculations with the finite element mesh used.
Here and in subsequent figures (X, Y, Z) correspond to (x1, x2, x3).

with

T i = (τ ij + τ kjui
,k)νj , Eij = 1

2 (ui,j + uj,i + uk
i uk,j ), (2)

where τ ij are the contravariant components of Kirchoff stress on the deformed convected
coordinate net, uj are the covariant components of the displacement vector, νj are the covariant
components of the reference surface normal, ρ is the mass density, V and S are the volume and
surface of the body in the reference configuration and ( ),i denotes covariant differentiation in
the reference frame.

The specimen analyzed has dimensions 2w×2b×2h. Symmetry conditions are assumed
so that the region analyzed, and shown in figure 2, is 0 � x1 � w, 0 � x2 � b and
0 � x3 � h. As in the load controlled experiments of Seetharaman and Cetel [5], a nominal
traction (force/unit initial area) rather than a true traction is prescribed. The tensile loading is
imposed on the surface x3 = h which remains shear free so that

T 3(x1, x2, h) = Tappl, T 1(x1, x2, h) = T 2(x1, x2, h) = 0. (3)

The symmetry conditions on x3 = 0 are

u3(x
1, x2, 0) = 0, T 1(x1, x2, 0) = 0, T 2(x1, x2, 0) = 0. (4)

Traction free conditions are prescribed on x1 = w and x2 = b and symmetry conditions on
x1 = 0 and x2 = 0

u1(0, x2, x3) = 0, T 2(0, x2, x3) = 0, T 3(0, x2, x3) = 0. (5)

u2(x
1, 0, x3) = 0, T 1(x1, 0, x3) = 0, T 3(x1, 0, x3) = 0, (6)

2.2. Constitutive relation

The constitutive relation used for the specimen is a modified Gurson [10–13] constitutive
relation for a progressively cavitating plastic solid that has been extensively used to model
ductile damage and will only be briefly outlined here. Background on this constitutive relation
and further details are given in Tvergaard [14] and Needleman et al [15].

The rate of deformation tensor is written as the sum of the elastic part d e and a viscoplastic
part d p

d = d e + d p, d e = L−1 : σ̂. (7)
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Here, σ̂ is the Jaumann rate of Cauchy stress. We assume elastic isotropy and small elastic
strains. The tensor of elastic moduli L is then given by

L = E

1 + ν

(
I′ +

ν

1 − 2ν
I ⊗ I

)
, (8)

where I and I′ are the second and fourth order identity tensors, respectively. The material
properties used are: E = 200 GPa, ν = 0.3 and ρ = 103 kg m−2 = 10−2 MPa (m/s)−2.

The plastic strain rate is given by

d p =


 (1 − f )σ̄ ˙̄ε

σ :
∂�

∂σ


 ∂�

∂σ
(9)

with the flow potential having the form

� = σ 2
e

σ̄ 2
+ 2q1f cosh

(
3q2σh

2σ̄

)
− 1 − (q1f )2 = 0. (10)

In these equations, f is the void volume fraction, q1 and q2, Tvergaard [11, 12], are constants
(with q1 = 1.25 and q2 = 1 in the calculations here), σe is the Mises effective stress and σh is
the mean normal stress (the hydrostatic tension), given by

σe
2 = 3

2σ
′

: σ
′
, σh = 1

3σ : I, σ
′ = σ − σhI. (11)

The matrix plastic strain rate, ˙̄ε, is given by power hardening law as follows:

˙̄ε = ε̇0

[
σ̄

g(ε̄)

]1/m

, g(ε̄) = σ0 [1 + ε̄/ε0]N . (12)

Since the aim is to model quasi-static loading, the material properties and dimensions are
specified in terms of relevant dimensionless ratios. All calculations are carried out using
ε0 = σ0/E = 0.0025. The rate hardening exponent m is taken to be m = 1/5 and N = 0.001
(essentially non-hardening) to approximate power law creeping behavior. Also, the effective
yield stress was chosen to be σ0 = 2Tappl where Tappl is the applied traction in equation (3)
giving ˙̄ε/ε̇0 = (Tappl/σ0)

1/m = 0.871.
The evolution of the void volume fraction is governed by

ḟ = (1 − f )d p : I + ḟnucl, (13)

where the first term on the right hand side accounts for void growth and the second term for
void nucleation. Void nucleation is taken to be strain controlled with a normal distribution
(Chu and Needleman [17]), with

ḟnucl = D ˙̄ε D = fN

sN

√
2π

exp

[
− 1

2

(
ε̄ − εN

sN

)2]
, (14)

where fN is value of the volume fraction of voids available for nucleation, εN is the mean void
nucleation strain and sN is the corresponding standard deviation.

2.3. Numerical Implementation

An explicit dynamic analysis is carried out in order to avoid forming a large three-dimensional
finite element stiffness matrix. The parameters associated with the dynamics (the density,
loading rate, etc) are chosen so as to minimize dynamic effects and approximate quasi-static
response. Essentially, the technique is one of dynamic relaxation.
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Figure 3. Contour plot showing the surface layer in the specimen where voids can nucleate and
grow. The geometry shown has s = 0.2w.

Twenty node brick elements are used with eight point integration. The resulting equations
of motion are integrated numerically by an explicit integration procedure, the Newmark
β-method with β = 0, Belytschko [18]. The rate tangent method of Peirce et al [19] is
used for constitutive updating.

A representative region analyzed is shown in figure 3. The possibility of damage nucleation
in the form of voids is shown here with contours of fnuc. The material where damage due to
void nucleation and growth is possible is confined to a surface layer. Interior to this boundary
layer is the bulk material where no voids are allowed to develop.

Under quasi-static loading conditions, and prior to any localization instability, field
quantities are independent of x3. Thus, in most calculations a relatively thin slice having
h = 0.25w is analyzed. For comparison purposes, some calculations were carried out with
h = 2w. As will be shown subsequently, the computed response is essentially the same for
both values of h.

The thickness of the boundary layer, s, where damage occurs was varied between 10%
and 40% of the smallest dimension, w. For all calculations with h = 0.25w, the number of
elements and the element dimensions are fixed. Results are presented for s = 0.1w, s = 0.2w

and s = 0.4w. A 40 × 20 × 3 element mesh is used which has 2400 20-node brick elements
and 38001 degrees of freedom. With this mesh s = 0.1w, s = 0.2w and s = 0.4w comprise
two, four and eight element widths, respectively.

3. Numerical results

Calculations are carried out for three values of the ratio of the thickness of the damaged
boundary layer s to specimen half-width w; s/w = 0.1, 0.2 and 0.4 using the reference values
fN = 0.04, sN = 0.01 and εN = 0.1. Parameter studies were carried out varying the value of the
void nucleation strain εN and the value of the volume fraction of voids available for nucleation
fN. Specifically, the values εN = 0.025 and εN = 0.05, and fN = 0.08 and fN = 0.16 are
used in addition to the reference values. In addition, calculations are carried out for two values
of the initial strain rate ε̇0, a reference value ε̇0ref and a value an order of magnitude larger
10ε̇0ref . In both cases, since (Tappl/σ0) = 1/2, ˙̄ε/ε̇0ref = 0.871. All calculations are continued
to a true strain of 0.20, defined as the logarithmic εtrue = ln(1 + u3(0, 0, h)/L). The value of
the true strain is minimum at (0, 0, h) and the maximum variation along the surface x3 = h is
less than 0.4%.
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Figure 4. (a) True strain εtrue as a function of the normalized time t ε̇0ref . (b) Void volume fraction
f versus true strain εtrue. Results from calculations with h = 2w and h = 0.25w are compared for
s = 0.4w and the reference values of the void nucleation parameters as stated in the text.

To investigate the variation with the height of the region analyzed, a calculation was
carried out with h = 2w as well as h = 0.25w. For both calculations the surface layer
thickness was s = 0.4w and the reference values of the void nucleation parameters were used.
The same mesh spacing was used for both values of h so that with h = 2w there are eight
times as many finite elements as with h = 0.25w and, accordingly, a factor of eight increase
in computation time.

Figure 4(a) shows curves of true strain εtrue versus normalized time ε̇0ref t for specimen
heights of h = 2w and h = 0.25w using the reference material parameters. Up to a true strain
of about 0.12, the results for the two values of h essentially coincide. For larger strains (up to 0.2
which is the maximum strain of interest here) there is a small difference, but the qualitative
features of the behavior are the same and the quantitative difference is small. Figure 4(b)
shows the void volume fraction versus true strain behavior for specimen heights of h = 2w

and h = 0.25w. There is no difference in the response with the two values of h prior to the
nucleation of voids and even after voids have nucleated essentially the same curve of void
volume fraction f versus true strain εtrue is obtained for both h = 2w and h = 0.25w.

Contours of void volume fraction at εtrue = 0.2 are shown in figure 5. The contours of
void volume fraction are not affected by specimen height. For both cases, the void volume
fraction is at a constant maximum of f = 0.04 throughout the surface layer, and the bulk
material has no voids. Variations between the surface layer and the bulk material are due to
interpolation of f onto the finite element mesh.

Figure 6 shows contours of Mises effective stress at εtrue = 0.2. The stress level is
somewhat lower in the shorter specimen, h = 0.25w. The maximum difference in stress
magnitude is approximately 3% at any point through the thickness. The distributions of Mises
effective stress are qualitatively similar in both cases with the highest stress magnitude in the
surface damage layer with a stress maximum at the corner (w, b, h) and a stress minimum in
the bulk.

3.1. Parameter studies

Figure 7 shows the variation of εtrue with dimensionless time, t ε̇0ref for three values of the
boundary damage layer thickness, s = 0.1w, s = 0.2w and s = 0.4w. Increasing fN

decreases the creep time necessary to reach a true strain of 0.2 for all three values of the
boundary damage layer thickness.
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Figure 5. Contours of void volume fraction at εtrue = 0.2 for (a) h = 2w and (b) h = 0.25w with
s = 0.4w and the reference values of the void nucleation parameters as stated in the text.

Increasing the relative width of the boundary damage layer s from 0.1w to 0.4w decreases
the normalized time required to reach εtrue = 0.2. As the amplitude of the void nucleation
function, fN, is increased, the effect of the boundary damage layer thickness also increases:
for example, with fN = 0.04 and εN = 0.035, t ε̇0ref = 3.40 for s = 0.1w and t ε̇0ref = 3.20
for s = 0.4w. The thickness debit effect is enhanced for smaller values of εN.

Figure 8 shows curves of void volume fraction f versus true strain εtrue for the calculations
with (a) εN = 0.025 and (b) εN = 0.10. Calculations, not shown here, were also carried out
with εN = 0.05 and those results exhibit the same trends as those with εN = 0.025 and
εN = 0.10. The value of the amplitude of the void nucleation function, fN, has the largest
effect on the void volume fraction versus true strain response for each value of εN. As fN

increases, the value of the volume fraction of voids, f , attained after εtrue = εN increases
accordingly.

The evolution of the void volume fraction f in figure 8 shows that there is very little
void growth after nucleation. Thus, the effect of damage on the creep rate arises from void
nucleation rather than from void growth. This is expected as the stress triaxiality is low (1/3)
for uniaxial stressing and void growth is strongly affected by the stress triaxiality. Figures 7
and 8 show that as the void nucleation strain, εN, decreases the effect of both the boundary
damage layer thickness, s and the amplitude of the strain nucleation function fN become more
pronounced.

Figures 9 and 10 show contours of (a) σe and (b) f for the calculations with εN = 0.1
and fN = 0.04 at εtrue = 0.2 with s = 0.1w and s = 0.4w, respectively. These
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Figure 6. Contours of Mises effective stress σe at εtrue = 0.2 for (a) h = 2w and (b) h = 0.25w

with s = 0.4w and the reference properties.

Figure 7. True strain εtrue versus t ε̇0ref for the calculations with varying nucleation parameters
fN and εN and varying wall width s. Solid, dashed and dotted lines correspond to surface layer
thicknesses of s = 0.1w, s = 0.2w and s = 0.4w, respectively. (a) εN = 0.025, (b) εN = 0.1.

contours are representative, with the region where voids have nucleated and are growing
encompassing the entire boundary damage layer. In the boundary damage layer where the
void volume fraction is at a maximum, the Mises effective stress, σe is at a maximum.
The levels of Mises effective stress in the specimen are higher for the thicker boundary
layer.
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Figure 8. Void volume fraction f versus true strain εtrue for the calculations with varying nucleation
parameter fN and εN and varying wall width s. Solid, dashed and dotted lines correspond to
surface layer thicknesses of s = 0.1w, s = 0.2w and s = 0.4w, respectively. (a) εN = 0.025,
(b) εN = 0.10.

X Y

Z

324

320

316

312

308

304

300

σe

X Y

Z

0. 04

0. 03

0. 02

0. 01

f(a)

(b)

Figure 9. Contours at x3 = h/2 and εtrue = 0.2 of (a) Mises effective stress, σe, and (b) void
volume fraction, f for the reference values of the void nucleation parameters as stated in the text
and with s = 0.1w.

Calculations were carried out for two values of ε̇0, the reference value and a value 10 times
larger. Since for the materials of interest here, increasing the ambient temperature increases
the creep rate, increasing ε̇0 provides a simple way within the context of a purely mechanical
theory of exploring the implications of this. Also, for pure power law creep behavior and under
constant load, increasing ε̇0 is approximately the same as increasing Tappl.
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Figure 10. Contours at x3 = h/2 and εtrue = 0.2 of (a) Mises effective stress, σe, and (b) void
volume fraction, f for the reference values of the void nucleation parameters as stated in the text
and with s = 0.4w.

Figure 11 shows the true strain εtrue versus normalized time t ε̇0ref response with ε̇0 = ε̇0ref

and ε̇0 = 10ε̇0ref . Increasing the initial strain rate, ε̇0, by a factor of 10 causes a significant
decrease in the time to attain a given value of εtrue. In fact, there is essentially a linear scaling
with the value of ε̇0. This is seen more clearly in figure 12 which shows the variation of
normalized time, t ε̇0 = ε̇0ref , to reach εtrue = 0.15 with the relative thickness of the boundary
damage layer, w/s. With ε̇0 = 10ε̇0ref , figure 12(b), the absolute value of the thickness
debit effect is decreased by an order of magnitude compared with that in figure 12(a), i.e. in
proportion to the variation in ε̇0.

4. Discussion

Our numerical results show that a surface damage layer can lead to size dependent creep
behavior that is qualitatively consistent with experimental observations. The calculations
employ a constitutive relation modeling plastic void nucleation, growth and coalescence. For
polycrystalline metals at high temperatures models have been developed for diffusion assisted
creep void nucleation and growth [20–22]. While it is possible that diffusion plays a role
in the thickness debit effect, the mechanism, and therefore the modeling required, will be
different from that for polycrystalline metals. For a power law creeping solid, Van der Giessen
et al [21] shows that for cavity growth without diffusion void growth rates increase rapidly
with increasing stress triaxiality, and at low stress triaxiality the influence of the void volume
fraction on void growth rate is small. We find (see figure 11) that for power law creep it is
void nucleation rather than void growth that controls to the enhanced creep rate. Komenda and
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Figure 11. True strain εtrue normalized creep time t ε̇0ref for the three values of s/w, three values
of the amplitude of the void nucleation function fN and for ε̇0 = ε̇0ref and ε̇0 = 10ε̇0ref . The void
nucleation strain is εN = 0.025.

Figure 12. Normalized thickness, w/s versus normalized creep time to εtrue = 0.15, for the three
boundary layer thicknesses. The parameters εN = 0.025 and fN = 0.04, 0.08 and 0.16 are used
with (a) ε̇0 = ε̇0ref and (b) ε̇0 = 10ε̇0ref .

Henderson [23] presume that the voids they see in their experimental study are pre-existing
and that void nucleation does not play a role. Calculations with pre-existing voids can be
carried out within the framework we have used but it is expected that the results would not
differ significantly from those with a small nucleation strain. As seen in the results from [21],
the very low void growth rate is a consequence of the low value of stress triaxiality in the
uniaxial stress state that prevails in the specimens. Hence, the thickness debit seen in the
calculations is most likely not dependent on the details of our damage model; any surface
boundary layer damage mechanism that comes into play at a given strain would exhibit similar
behavior.
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Baldan [4] argued that damage in the form of micro-cracks leading to voids throughout the
specimen was responsible for limiting the creep lifetime of nickel-based superalloy components
and for the thickness debit effect. In order to explore this within the framework of our model,
we carried out calculations with damage occurring throughout the specimen for two values of
specimen thickness; w, the value used in all calculations presented here, and a thickness w/2.
The creep strain versus time curves for these two calculations were nearly identical. Also,
these creep strain versus time curves were very close to those presented here with s = 0.4w.
Thus, at least within the framework of the ductile damage model used here, the development
of damage throughout the specimen, rather than in a surface boundary layer, does not explain
the thickness debit effect.

To give some idea of the thicknesses involved we relate the ratios used in the numerical
results to the dimensions used in the experiments. For the experimental results shown in
figure 1, s/w = 0.4 corresponds to a damage boundary layer thickness of 152 µm for the
specimen with w = 0.38 mm. With this damage boundary layer thickness, the ratio of damage
boundary layer thickness to specimen width is 0.1 for the specimen with w = 1.52 mm.

The thickness debit effect is seen for all values of the void nucleation parameters considered
here. An increased value of the volume fraction of voids that can be nucleated, fN, decreases
the time to attain a specified creep strain. A smaller value of the void nucleation strain εN

results in an increased magnitude of the thickness debit.
For pure power law creep constitutive behavior, ˙̄ε ∝ ε̇0 and the numerical results here

follow that scaling very closely even though due to porosity the plastic response is not exactly
that of pure power law creep and also a fixed nominal rather than fixed true traction is prescribed.
Furthermore, for pure power law creep behavior, increasing ε̇0 is equivalent to decreasing flow
strength σ0. In general, σ0 decreases with temperature (although anomalies do occur) and other
material parameters may depend on temperature. Presuming that the main effect of temperature
in the experiments of Seetharaman and Cetel [5] is through the temperature dependence of σ0,
our results with the scaling factor ε̇0 = 10ε̇0ref can be viewed as representing the predictions for
an increased temperature and are qualitatively consistent with the experimental observations
in Seetharaman and Cetel [5].

Figure 13 shows a qualitative comparison of the thickness debit effect in the experimental
results of Seetharaman and Cetel [5] (the points) and lines given by a least squares linear fit to
the results of the computations here. To make the comparison possible, the experimental results
are normalized by an arbitrarily chosen reference thickness w0 = 0.3 mm and by an arbitrarily
chosen reference time t0 that depends on the test temperature and applied load. Of course,
the normalizations of the data are arbitrary but the trends are reasonably well represented by
the calculations (note that although a linear fit to the computations is shown in figure 13,
figure 12(a) shows that the computational results exhibit a similar curvature to that seen in the
experiments). This comparison suggests that the mechanism of a boundary damage layer for
the thickness debit effect is at least a plausible one.

5. Conclusions

• The thickness debit effect can be captured, at least qualitatively, by a model for the
nucleation and growth of voids in a boundary damage layer.

• At least in the circumstances analyzed here, the effect of damage on the creep rate arises
from void nucleation rather than from void growth.

• The creep response, and therefore the thickness debit effect, depends both on the
boundary damage layer thickness and on the void nucleation parameters used in the
analyses.
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Figure 13. Comparison of experiment and computation for the thickness debit effect. The points
are from Seetharaman and Cetel [5]. To enable the comparison the data points are normalized
with w being the specimen width and w0 = 0.3 mm, a reference width being 0.3 mm; t is the time
to reach a strain of 0.15 and t0 = 17 × 105 s for the specimen tested at 413 MPa at 871 ◦C and
t0 = 1 × 104 s for the specimen tested at 248 MPa and 982 ◦C. The lines are least square fits to the
results in figure 12 for the calculations with fN = 0.08.

• The thickness debit effect occurs for all values of the void nucleation parameters used
here, but is more pronounced for larger values of the amplitude of nucleating voids, fN,
and smaller values of the mean nucleation strain, εN.

• The effect of increasing the value of the reference strain rate, ε̇0 was explored as a simple
model for estimating the effect of increasing temperature and/or increasing applied load.
Increasing ε̇0 caused an overall decrease in the creep time to a given true strain and an
associated decrease in the magnitude of the thickness debit effect.
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