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a b s t r a c t

There is a need for accurate descriptions of the mechanical state of single crystal blades in
gas turbine engines. These components are subject to such extreme temperatures and
stresses that life prediction becomes highly inaccurate resulting in components that can
only be shown to meet their requirements through experience. To help reduce this inade-
quacy in current design systems we have developed a thermo-viscoplastic constitutive
model for single crystal materials. Our large strain formulation additively decomposes
the inelastic strain rate into components along the octahedral and cubic slip planes. Each
of these is further additively decomposed into a time dependent creep component and a
time independent plastic component. We formulate robust and computationally efficient
rate-independent crystal plasticity formulations and combined them with creep flow rules
for Ni-based superalloys. The transient variation of each of the inelastic components
includes a back stress for kinematic hardening and latent hardening parameters to account
for the stress evolution with inelastic strain. Our combined creep and rate-independent
formulations for the plastic strains were shown to be accurate when compared to
stress–strain and texture evolution measurements. The complete formulation is able to
accurately predict both monotonic and cyclic tests at different crystallographic
orientations.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years considerable attention has been given to
the analysis of the structures and components operating
under extreme thermal and mechanical loads. Special inter-
est has arisen in high temperature turbine parts which are
subject to long term viscoplastic deformations as well as
time independent inelasticity caused by high levels of
mechanical stress. This combination of creep and plasticity
leads to damage nucleation and growth and a significant
reduction of the expected service life. Accurate predictions
of material response for combined creep and plastic defor-
mations are complex and greatly compounded during cyc-
lic loading. During service turbine airfoils are subject to
strain-controlled cyclic elastic–plastic deformations during
airplane maneuvers which are combined with so-called

dwell times resulting in viscoplastic effects such as creep
and/or stress relaxation. Hence, the development of a
unified creep–plasticity model capable of predicting
cyclic non-isothermal loading conditions is of extreme
importance.

The high temperature inelastic behavior of materials
has been the subject of considerable research during the
last quarter century (see for example, Chaboche, 1986 or
Xu and Jiang, 2004). Our constitutive models are based
on state variables representing creep, plasticity and dam-
age evolution. The basic physical mechanism of the inelas-
tic deformation analyzed in this paper is dislocation glide
or so-called crystallographic slip. We study the Ni-based
superalloy PWA 1484 having an L12 crystallographic struc-
ture. Deformation is assumed to occur along the 12 octahe-
dral slip systems {1 1 1}h1 1 0i and along the six cube slip
systems {0 0 1}h 1 1 0i. Since the cube slip systems resis-
tance is higher than the resistance for the octahedral slip
systems, the cube systems activity is limited. However, at
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high temperature and for initial crystallographic orienta-
tions close to h1 1 1i the c0 particles are sheared by cube
systems (Allan, 1995; Stouffer and Dame, 1996). The slip
system nomenclature in a single crystal superalloy is
shown in Table 1.

Historically, secondary creep effects with associated
modeling techniques (Larson–Miller, etc.) were used in
engineering calculations. However, during the thermal
mechanical loading of high temperature single crystal tur-
bine parts, all creep stages manifest themselves and none
of them can be neglected. An adequate creep law is espe-
cially important in the case of non-homogeneous thermal
loading which results in intensive stress redistribution
and relaxation. The inelastic deformation can be decom-
posed into both creep and plasticity parts. At high temper-
atures creep is the dominant mode of deformation and
because of stress redistribution the applied stress levels re-
main at moderate levels and do not result in plastic defor-
mation. A description of a plausible creep model is given in
Staroselsky and Cassenti (2008). However, after cooling
creep deformation simply disappears and inelastic defor-
mation takes place by crystallographic slip which does
not vary with temperature as strongly as creep. Our creep
experiments show that creep rates follow an Arrhenius
type relationship with the value of the activation energy
varying in the range from Qh0 0 1i = 6.97E�19 to Qh1 1 1i =
7.30E�19 J/atom with some stabilization for the tempera-
tures below 700 �C. Hence, plasticity plays the major role
in residual stress generation after cooling during thermal
cycling. Thus, a unified model predicting both plasticity
and creep effects is needed.

Two approaches can be taken to represent plastic defor-
mation in materials: rate dependent and rate-independent.
In rate dependent approaches a constitutive law for the
slip rate is assumed, usually in the form of a power law
(for example, Asaro, 1983; Asaro and Needleman, 1985;
Kalidindi et al., 1992) and slip systems are active even be-
fore the resolved shear stress reaches critical values. The
rate of inelastic deformation is taken as proportional to
the power of the effective resolved shear stress and the
corresponding boundary value problem has a unique solu-
tion. For large values of the power law exponent the slip

rate will be infinitesimal for small values of the resolved
shear stress (RSS), however, if the value of the exponent
is small (from 3 to 5), which is the case for creep phenom-
ena, then the slip systems with significant but not the larg-
est values of the RSS are still active and the total shear
along these ‘‘second order” slip systems could become
noticeable. The higher the exponent in the power law the
closer this approach gets to the classical plasticity theory.
However, the price one has to pay for this is an increase
in computational stiffness of the problem and an increase
in the computational time. Nevertheless, rate-dependent
power law has demonstrated its efficiency and has been
widely applied for both monotonic and cyclic problems
of plasticity. However, when plastic analysis is combined
with creep predictions, the rate dependent nature of the
plastic part of the flow rule might cause some problems.
A very good example is the inelastic analysis of single crys-
tals of Ni-based superalloys which has a high creep rate at
stresses of the order of two thirds of the yield. Let us con-
sider a typical (Nissley et al., 1991; Staroselsky and Cassen-
ti, 2008) rate depended model where the set of calibration
parameters are as follows:

_ca ¼ _c0
sa

sa

� �m

;

where _c0 ¼ 0:0001 s�1 and m = 30. In a numerical experi-
ment, we applied a constant tensile load at 80% of yield
for a time of 100 h using slip resistance, sa, that accurately
fits elastic–plastic stress–strain results. After 100 h the to-
tal calculated inelastic deformation was approximately 5%,
which is more than a quarter of total observed inelastic
deformation to failure. This strain might be eliminated by
increasing the exponent to the level of 80 and higher, as
shown in Kalidindi and Anand (1994) but this leads to even
greater computational difficulties. Therefore, there is a
need for the further development of rate-independent
crystal plasticity and its combination with creep terms. It
is also important to note that rate sensitivity of Ni-based
superalloys is small, which in turn leads to high values of
the exponent, m..

Hence, a rate-independent formulation should be use-
ful. Some of the earliest time independent formulations
were proposed by Krempl et al. (1976), Chaboche (1986)
and Walker (1980). Weng (1979, 1980a,b) placed the ma-
jor emphasis on the formulation of rate-independent plas-
ticity and hardening laws based on dislocation motion
concepts and connected them to continuum mechanics
theories, such as Hill’s anisotropic plasticity model. We
used a different approach based on the concept of the yield
surface for each potentially active slip system to describe
the rate-independent plastic behavior of single crystal
materials. This is essentially the application of one dimen-
sional isotropic yield criteria to each crystallographic glide
system. Mathematically, it is reduced to the system of lin-
ear equations for the slip shear increments. The trial elastic
increment is used to select the potentially active slip sys-
tems, which in turn is used to construct a set of linear
equations. This system should be solved at each incremen-
tal step using a numerical method minimizing the errors in
some appropriate norm (for example, L2 norm sense) to

Table 1
Slip systems operative in PWA 1484 at high temperature.

Octahedral Cube

a (na)[ma] a (na)[ma]

1 ð111Þ½01 �1� 13 (1 0 0)[0 1 1]
2 ð111Þ½�1 01� 14 ð100Þ½01 �1�
3 ð111Þ½01 �1� 15 (0 1 0)[1 0 1]
4 ð1 �1 �1Þ½0 �1 1� 16 ð010Þ½10 �1�
5 ð1 �1 �1Þ½�1 0 �1� 17 (0 0 1)[1 1 0]
6 ð1 �1 �1Þ½1 10� 18 ð001Þ½1 �1 0�
7 ð�11 �1Þ½01 1�
8 ð�11 �1Þ½1 0 �1�
9 ð�11 �1Þ½�1 �10�

10 ð�1 �11Þ½0 �1 �1�
11 ð�1 �11Þ½1 01�
12 ð�1 �11Þ½�1 10�
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give the unique solution for the plastic strain. The idea of
the method was originally formulated for the slip systems
in FCC crystals under monotonic loading conditions by
Anand and Kothari (1996) and generalized for combina-
tions of slip and twin systems by Staroselsky and Anand
(1998). However, those models were not able to predict
plastic deformation due to cyclic loading and did not ac-
count for the effects of kinematic hardening. Also, it is very
important to generalize the creep–plasticity calculations
for non-isothermal conditions, when deformation resis-
tance parameters change with temperature. In this paper
we focus on the development of generic rate-independent
crystal plasticity models suitable for cyclic non-isothermal
elastic–plastic–viscoplastic analysis.

Summarizing, we decompose the total finite inelastic
deformation into plastic and creep parts by incrementally
adding current velocity gradients. We formulate a creep
power law based on Orowan relation (Orowan, 1940) and
examined in detail an approach for describing rate-inde-
pendent plastic strain behavior in single crystal materials
by setting a classical yield condition to each slip system.
Our important results are: (1) a combined creep–plasticity
formulation for a single crystal, (2) a computationally effi-
cient rate-independent single crystal plasticity model
applicable to cyclic plasticity, which does not interfere
with a power law creep model when a rate dependent re-
sponse is also required and (3) a creep flow rule calibrated
for Ni-based superalloy and suitable for sigmoidal creep
and for tertiary creep prediction. (4) We analyzed non-
homogeneous stress and strain distributions such as those
that occur in necking.

The plan of the paper is as follows: we start Section 2
with governing equations. The formulation of the creep
flow rule is described in Section 3. In the Section 4, we de-
rive a generalization of a rate-independent crystal plastic-
ity model to cyclic deformations. We discuss calibration of
the model parameters in the following section. Then, we
compare the computational results for different initial
crystal orientations and discuss slip system activities
including octahedral and cube slip systems in the Section 6.
We apply our combined creep and rate-independent plas-
ticity approach to the modeling of simple tension speci-
men and compare texture evolution, numerical stability,
and necking effects with homogeneous numerical solu-
tions and available experimental results. This section also
provides results from model predictions for the cyclic
deformation of Ni-based superalloys and compares them
with coupon testing results. We close the paper with some
concluding remarks.

2. Governing equations

The overall plastic response is taken as a sum of re-
sponses from small regions of a single crystal playing the
role of representative volume elements (RVE). The defor-
mation of a crystal is taken as the sum of contributions
from overall elastic distortion and generalized plastic
deformation. In this formulation creep will be included in
the total inelastic strain rate as will be shown in this sec-

tion. We will denote total inelastic deformation gradient
through Fp for the notation consistency.

The governing variables in the constitutive model are as
follows: the Cauchy stress tensor T and the deformation
gradient F. Each crystal slip system, a, is specified by a unit
normal to the slip plane na

0 and a unit vector along the slip
direction ma

0.
The total deformation gradient is multiplicatively decom-

posed into elastic and inelastic parts as

F ¼ FeFP and det Fp ¼ 1 ð1Þ

The elastic deformation gradient Fe, (det Fe > 0) de-
scribes elastic distortion and gives rise to the stress T.
The constitutive equation for the second Piola–Kirchoff
stress tensor is taken as a linear relation:1

T� ¼ L½Ee�; where EeðtÞ ¼ 1
2
ðCeðtÞ � IÞ; and CeðtÞ ¼ FeT Fe

ð2Þ

at time, t.
The Cauchy stress tensor is the work conjugate stress

corresponding to the Cauchy–Green elastic strain measure
and is calculated as follows:

T ¼ 1
detðFeÞ

FeT�FeT ð3Þ

The evolution equation for the viscoplastic deformation
gradient is given by the flow rule:

_Fp ¼ LpFp where Lp ¼
X

slip systems

_caSa and Sa ¼ma � na

ð4Þ

The shear rate along each slip system _ca is given in
terms of the resolved shear stress (RSS) s = T � Sa, the slip
systems resistances and the equilibrium back stress.

Creep is additively included in Lp as follows: Lp =
Lcreep + Lplasticity. It allows us to combine deformation of
creep and rate-independent plastic deformation. At each
time (moment) both the plastic and creep deformation
increments depend on the cumulative inelastic deformation
gradient achieved by this time. If we additionally specify
that both creep and plastic deformations take place by slip
along specified slip systems, then the total slip increment
can be decomposed in the following way: Dca ¼ Dca

plastic

þDca
creep.

Evolution of crystallographic texture is explicitly de-
fined by the elastic part of deformation gradient.

ma
t ¼ Fema

0

na
t ¼ Fe�T

na
0

ð5Þ

We use an incremental formulation where we define all
parameters at the end of the time increment s = t + Dt
based on state in the beginning of the increment at time

1 Generally speaking the elastic relation looks as follows:
T� ¼ L½Ee � AðH�H0Þ�, where A is thermal expansion tensor, H is current
temperature and H0 is the reference temperature. All results we report in
this paper are valid and derived general formulae and algorithms do not
change when we add this thermal strain term. For the sake of simplicity we
will use formula (2) in this paper.
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t. For the development of the rate-independent plasticity
model we need to define a trial step where we assume that
the whole increment is elastic, in particular, the plastic
deformation gradient is fixed at time t: Fe tr(s) = F(s)Fp(t)�1.
The stress overshoot is compensated for by crystallo-
graphic slip. The constitutive relations for the trial step
are taken as follows:

T�tr ¼ LbEe trðsÞc

Ee trðsÞ ¼ 1
2
ðCe trðsÞ � IÞ and

Ce trðsÞ ¼ Fe tr T Fe tr

ð6Þ

Substituting (6) into (4) and using expressions (3) one
can obtain the relationship between true and trial stress
tensors (Kalidindi et al., 1992), which will account for the
amount of incremental shear, as:

T� ¼ T�tr �
X

a
L sym Ce trSa

0

� �� �
Dca ð7Þ

and the trial resolved shear stress along each slip system is

se tr ¼ T�trSa
0 ð8Þ

Expression (4) will then have the incremental flow rule
form as follows:

FpðsÞ ¼ LpðsÞFpðtÞ ¼ 1þ
X

a
DcaSa

0

 !
FpðtÞ ð9Þ

In order to complete governing equations we have to
formulate the specific flow rules for creep and plasticity.

3. Creep flow rule

We use Orowan’s assumption that the creep strain rate
is proportional to the density of the mobile dislocations or
in other words, the dimensionless parameter qm

q0
where q0 is

the initial dislocation density, serves as a measure of the
mobile dislocation density, and can be used to predict
creep of single crystal. We have used a standard viscoplas-
tic power law creep with a back stress to represent the re-
sponse of the material or, in other words, the dislocation
velocity term in the Orowan relation. The constitutive
law for the creep strain rate along ath slip system f _ccga

is to be written as follows:

f _ccga¼ _c0
qa

m

q0

� �
sa�xa

sa

����
����

n

signðsa�xaÞexp � Q
kH

� �
ð10Þ

where _c0 is a temperature dependent time constant, and sa

is the deformation resistance of ath slip system; sa is the
resolved shear stress. The Arrhenius term accounts for
the temperature dependence, xa is the slip system back
stress, n is the creep exponent set to be equal to three in
this work.

Next, latent hardening evolution has been described by
Asaro’s (1983) hardening rule _sa ¼ h0 1� sa

s�
� �pP

bhabj _cbj,
with hardening matrix hab ¼ fqþ ð1� qÞdabg for tempera-
ture dependent h0 and s*, and constant q = 1.4.

We model cyclic effects and primary creep effects by
defining for each slip system a specific internal equilib-
rium, or back stress, x. The back stress has a limiting sat-

uration value x1 ¼ c1
c2

, corresponding to the stabilization of
the equilibrium portion of the stress (i.e., the portion of the
stress that has not yet contributed to the inelastic strain)
and evolves according to the following relationship (Niss-
ley et al., 1991; Voyiadjis and Huang, 1996; Stouffer and
Dame, 1996):

_xa ¼ c1 _ca � c2j _cajxa ð11Þ

Eq. (11) requires two additional coefficients c1 and c2

that are explicit functions of temperature. It is important
to note that hardening terms indirectly account for rafting
and microstructure evolution specific for superalloys dur-
ing the first stage of creep. Thus, material microstructure
evolution is accounted by appropriate calibration of hard-
ening state variables. Note that, Eq. (11) is also rate-inde-
pendent since the derivative of xa can be written with
respect to ca making xa a single variable function of _ca.
The effect of voids on the slip rate can be calculated
through a correction of the effective stress which is equiv-
alent to a Kachanov-type damage parameter (Kachanov,
1986; Lemaitre, 1996). For the sake of simplicity we will
not consider the effects of voids in this paper.

As everywhere in this paper, for the inelastic deforma-
tion mechanisms we use the 12 octahedral slip systems
h1 1 0i(1 1 1). At high temperatures the cube slip systems
h1 1 0i(0 0 1) may also contribute to maintaining the plas-
tic flow of superalloys. The material model parameters are
different for the octahedral and cube slip systems.

Dislocation generation and motion represents a non-
recoverable state for the material. These states can be
related to the energy for the system through equilibrium
statistical mechanics. We postulate that dislocation gener-
ation rate is proportional to the rate of entropy production.
We consider two types of the dislocations: mobile and pin-
ned. The mobile and the pinned dislocations densities
evolve over time. Using concepts from chemical kinetics
we have chosen to represent the evolution as two body
interactions. We assume that dislocation immobilization
takes place when two corresponding dislocation loops
interact with each other. Taking into account that f _ccga is
already a linear function of the mobile dislocation density
to represent two body interactions we immediately obtain
relations for mobile and pinned dislocations evolution
along each slip system:

_qa
m ¼ M

sa �xa

sa

� �
_ca e2qss

m þ qss
p � qa

p � e2qa
m

q0

 !

_qa
p ¼ P

sa �xa

sa

� �
_ca qss

p � qa
p

q0

� � ð12Þ

where M and P represents specific time constants, differ-
ent for octahedral and cube slip systems, qss

m is the satu-
rated mobile dislocation density, qss

p is the saturated
pinned dislocation density, and e2 is a positive constant.
Eq. (12) includes the generation of mobile dislocations
and also include their conversion to pinned dislocations.

These equations conclude the formulation of the creep
part of the model. State variables and material parameters
have been calibrated against isothermal creep tests con-
ducted at different crystallographic orientations, at a wide
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range of temperatures varying from 700 to 1100 �C, and at
different nominal tensile stresses.

4. Generalization of incremental linear system
formulation to cyclic plasticity

In the rate-independent (RI) model, the system will be
active only if the effective RSS is equal to slip resistance
(i.e., the yield stress). Then

_ca¼
0; if jsa�xaj< saðsÞ or ðsa�xaÞ _xa<0;ðunloadingÞ
P 0; if jsa�xaj¼ saðsÞ and ðsa�xaÞ _xa P 0;ðloadingÞ

	
ð13Þ

In this section, we will reduce the problem to a system
of the linear equations with respect to shear increments.
Substituting relationship (7) into the expression for the
trial RSS (8), we immediately obtain:

sa ¼ sa tr �
X

b

LðsymðCe trSb
0ÞÞS

a
0Dcb

¼ sa tr �
X

b

LðsymðCe trSb
0ÞÞS

a
0jDcjbsignðsb tr �xbÞ ð14Þ

Following the idea of Anand and Kothari (1996), for the
next step we assume that for a small strain increment,
changes in the slip directions:

(i) will be the same for the true and trial increments
signðsa �xa trÞ ¼ signðsa �xa trÞ, and

(ii) the effect of change in back stress values during
one increment does not affect the slip direction:
signðsaðsÞ �xaðtÞÞ.

These assumptions are needed to compute the absolute
values of the effective resolved shear stress used in the
yield criterion |sa(s)�xa(s)|.

The systems for which trial values of effective shear
stress are less than the slip resistance in the beginning of
increment s(t) are called inactive and are not analyzed dur-
ing the increment. For the other or so-called ‘‘potentially
active” slip systems, the absolute value of the effective
shear stress can be calculated through the resolved shear
stress trial value using

jsa�xaj ¼ jsatr�xaðsÞj
�
X

b

LðsymðCetrSb
0ÞÞS

a
0 jDcjbsignðsb�xbÞsignðsa�xaÞ

ð15Þ

Using the incremental formulation for the back stress
(11):

xaðsÞ ¼ xaðtÞ þ ðc1signðDcaÞ � c2xaðtÞÞjDcaj

We immediately obtain the result

jsa tr �xaðsÞj ¼ jsa tr �xaðtÞj
� ðc1 � c2xaðtÞÞsignðsa tr �xaðtÞÞjDcaj ð16Þ

Finally, using the latent hardening evolution equation
saðsÞ ¼ saðtÞ þ

P
bhabjDcbj we reduce the problem of find-

ing absolute values of slip increments determination to a
solution of the linear system,

BjDcj ¼ b ð17Þ
where |Dc| is the vector of absolute values of shears along
potentially active slip systems;

Bab ¼ hab þ ðc1 � c2xaðtÞÞsignðsa tr �xaðtÞÞ
þ Sa

0LðsymðCe trSb
0ÞÞsignðsb tr �xbÞsignðsa tr �xaÞ

ba ¼ jsa tr �xaðtÞj � saðtÞ
ð18Þ

This system has a number of variables equal to the
number of ‘‘potentially active” slip systems, however, not
all of the linear equations are always linearly independent.
The system might be solved using any appropriate approx-
imation scheme from numerical linear algebra. One of the
‘‘proven” and effective algorithms is SVD (Singular Value
Decomposition) which gives the least square solution.
We do not discuss the advantages and disadvantages of
different linear algebra algorithms and use SVD throughout
this paper.

5. Calibration of model parameters

Anisotropic elastic properties are defined by three dif-
ferent moduli that change with temperature. Spline fits
of the experimental measurements are shown in Fig. 1.
The fourth order elasticity tensor has the form specific
for orthotropic materials with cubic symmetry:

Ciiii ¼ C11; ði ¼ 1;3Þ
Ciijj ¼ C12; ði; j ¼ 1;3Þ
Cijij ¼ C44; ði; j ¼ 1;3Þ

We consider single crystal Asaro hardening behavior
with the parameters h0 and initial value of slip resistance
s0 for both octahedral and cube systems which are also
functions of temperature. We focused on the plasticity
and creep analysis for two crystallographic corner orienta-
tions h0 0 1i and h1 1 1i. The material parameters were
found by matching the results with monotonic uniaxial
tensile elastic–plastic tests at a number of temperature
values and then a spline to interpolate for intermediate
temperatures.

We calibrated our creep–plasticity model predictions
against isothermal strain-controlled monotonic tensile test
results obtained for different temperatures. This calibra-
tion provides us initial results for slip resistance s0 and h0

that are shown in Fig. 2.
Creep tests were performed under constant load condi-

tions and the test results were converted to true stress and
true strain values. Fig. 3 compares predicted and experi-
mentally measured creep curves for a typical test condi-
tions. Similar results were obtained over a wide range of
temperatures and applied stresses for both h0 0 1i and
h1 1 1i crystallographic orientations (see details in Staro-
selsky and Cassenti, 2008). Comparing calculated creep
strain vs. time curves against test data we calibrated the
parameters for kinematic hardening (back stress) and dis-
location evolution. Specifically, these creep test results
were used to find the constants c1 and c2 in the evolution
equation for x, and to obtain a refined estimate for the la-
tent hardening parameters, s0 and h0. The results for

A. Staroselsky, B.N. Cassenti / Mechanics of Materials 42 (2010) 945–959 949
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x1 ¼ C1
C2

and the constant c2 for both octahedral and cube
systems are shown in Fig. 4. We chose the mobile disloca-
tion equilibrium density to be 105 of the initial density and
the pinned dislocation saturation density to be 103 of the
initial density. Table 2 lists the values of other specific
model parameters.

The revised parameters were then checked against the
monotonic uniaxial tensile elastic–plastic test results and
the parameters were refined. We then repeated the refine-
ment of the parameters for creep and plasticity tests until a
satisfactory set of parameters was obtained.

Having obtained the parameters for the octahedral slip
system tests along the h0 0 1i crystallographic orientation,
we then repeated the same procedure to calibrate the cube
slip system parameters, and then compared the total mod-
el predictions against h1 1 1i tests.

As one can see from Fig. 4 the maximum value of the
back stress x1 for cube systems is much higher at low

temperatures and drops rapidly with the temperature in-
crease. Combining the drop in the maximum back stress
with the rapid decrease of the latent hardening cube slip
resistance with temperature shows the increasingly
important role of cube systems at high temperature and
their very limited effect on inelastic deformation at low
temperatures. It is important to note that during the gener-
ic elastic–viscoplastic deformation, the model state vari-
ables and parameters evolve simultaneously due to creep
and plastic deformation.

6. Computational results

6.1. Monotonic loading for various crystallographic
orientations

In this section, we compare the predictions obtained
by our new rate-independent plasticity model against
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predictions obtained by a power law, and the solution of
the linear system described in section 2, with available
experimental data. We discuss single crystal Ni-based
superalloy constitutive behavior at relatively high temper-
atures where the loading applied along one of the corner
orientation h0 0 1i or h1 1 1i and along an internal orienta-
tion of h�236i and h�123i.

Using the developed constitutive models we performed
simulations of displacement controlled simple tension
tests. We used ANSYS 8-node brick elements (element type
185) for both single element simulations and a 3744 ele-
ment cylinder simulation. Single element simulations sat-
isfy homogeneous uniaxial stress and strain distribution.
Analysis shows that two types of boundary conditions pro-

vide the required uniaxial stress–strain distribution. We
will call the single element where the upper and lower sur-
faces remain parallel and orthogonal to the displacement
direction element type A. The element with two vertical
sides parallel to the loading direction will be called element
type B. Both elements and sketches illustrating the deforma-
tion of each type are shown in Fig. 5 (from Dieter, 1988).

There is no numerical difference between predictions of
single elements for A or B types subject to simple tension
with the high symmetry orientations h0 0 1i and h1 1 1i
(i.e., corner locations in a stereographic projection) due
to highly homogeneous deformation. Moreover, the single
element prediction is exactly the same as the numerical
predictions obtained from cylinder calculations. Crystal
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orientation does not change during the numerical tests in
both corner orientations. There are eight equally active
octahedral systems for h0 0 1i crystallographic orientation
tests. The stress–strain curves obtained by methods
described above and also experimentally measured for
980 �C are shown in Fig. 6a. There are six equally active
octahedral slip systems ð111Þ½�101�, ð111Þ½01 �1�, ð�11 �1Þ
½011�, ð�11 �1Þ½10 �1�, ð�1 �11Þ½0 �1 �1� and ð�1 �11Þ½�110� as well as
three identically active cube slip systems ð100Þ½011�,
ð010Þ½10 �1�, and ð001Þ½1 �10� observed during simulations
of simple tension along a h1 1 1i crystallographic orienta-
tion. The normalized stress–strain curves for this crystallo-
graphic orientation at 980 �C are shown in Fig. 6b.

When loaded along a central direction inside the pri-
mary stereographic triangle the crystal deforms initially
along a single slip system with the highest value of re-
solved shear stress (i.e., with the highest value of Schmidt
factor). Usually such a deformation is very unstable. We

Table 2
Calibrated model parameters.

H 871 982 1038 �C

Octahedral
_c0 expð�Q=kHÞ 8.61E�09 1.52E�07 3.22E�07 1/s
h0 220 124 55 MPa
s* 824 618 618 MPa
s0 313 197 145 MPa
Vq0 0.069 0.067 0.059
Pq0 0.05 0.525 0.647
e2 0.55 0.45 0.45

Cubic
_c0 expð�Q=kHÞ 1.82E�08 9.87E�08 2.14E�07 1/s
h0 220 220 220 MPa
s* 427 247 182 MPa
s0 824 824 618 MPa
Vq0 0.07 0.0515 0.05
Pq0 0.008 0.225 0.5
e2 0.65 0.4 0.4

Fig. 5. Elements of disturbed lattice without constraint and with stiff constraint (from Dieter, 1988) and two types of boundary conditions applied to single
elements to simulate simple tension.
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conducted simple tension simulations (type A) of a single
crystal along h�236i crystallographic direction. The calcu-
lated stress–strain curves for 980 �C is shown in Fig. 7.
The slip system activity is shown in Fig. 8. Deformation
starts with a single octahedral slip system ð111Þ½�101�,
then when the strain reaches about 8% the second conju-
gate slip system ð11 �1Þ½011� becomes active. It is impor-
tant to note that the cube slip system ð001Þ½1 �10� is also
active from the beginning, as can be seen from the plots
in Fig. 8, but the total amount of cube slip system shear
is much less than due to octahedral slip systems. The slip
resistance of the conjugate slip system is larger than the
slip resistance of the active one due to latent hardening.
The effective resolved shear stress reaches the critical va-
lue at deformation levels slightly larger than for the non-
hardening case2 and subsequently the re-orientation
slightly overshoots the stereographic triangle boundary
½001� � ½�111�. After activation of the conjugate slip system
ð11 �1Þ½011� the lattice rotates toward the ½�111� pole along
the triangle boundary. The prediction obtained by of our
rate-independent model is indistinguishably close to the
predictions obtained by the power law (rate-dependent
model) with the exponent value exceeding 80, which sig-
nificantly increased the stiffness of the differential equa-
tions. It is important to note that the rate-dependent
power law with small values of exponent specific for
creep (3–5) predicts that more slip systems are active
leading to more homogeneous deformation and slower
crystal re-orientation. For example, for creep along h�236i
crystallographic orientation slip systems ð111Þ½0 1 �1� and
ð1 �1 �1Þ½�10 �1� are also active, however, total slip along these

systems is significantly smaller than along the primary
and the conjugate ones.

Deformation along h�236i is very sensitive to the
boundary conditions. The stress–strain relationship ob-
tained under different types of boundary conditions, such
as Type A as was reported above, type B loading, as well
as numerical results from the cylinder specimen model
are shown in Fig. 9. For type B loading conditions,
deformation takes place along the single ð111Þ½�101� slip
system until collapse occurs by excessive deforma-
tion. Crystal re-orientation is rotated slightly toward
the ½001� pole from the boundary conditions as shown
in Fig. 10 together with prediction obtained for type A
loading. We evaluated the one element prediction by
comparing the numerical results against our 3744
element cylinder specimen model. The top and bottom
of the numerical specimen are rigidly prevented from
rotation and absolutely symmetric. In order to eliminate
end-effects the last two layers of finite elements from
each end are made elastic. We use 35 elastic–plastic
central layers of finite elements and 96 elements in each
cross-section as shown in Fig. 11. Deformation is very
sensitive to any minor variation of boundary conditions
and starts necking at deformation levels of about
7–10% as shown in Fig. 12. An increase in the number
of elements does not change the character of deforma-
tion which appears to be very inhomogeneous. The cen-
tral elements deform almost according to loading scheme
A, while surface and near surface elements clearly
deforms as type B elements. Due to inhomogeneities in
the deformation the crystal lattice re-orientation of the
central element is different than type A results but rea-
sonably close to it as can be seen from Fig. 10. Due to
the lack of the symmetry during the deformation the
model predicts noticeable ovalization of the cross-section
as shown in Fig. 13. Such an ovalization is specific for

Fig. 7. Stress–strain relations for simple tension along h�2 36i crystallographic orientation obtained by rate-independent plasticity and by rate dependent
power law with the value of the exponent equal to 80.

2 We performed modeling for the ‘‘theoretical” non-hardening case and
the conjugate slip system became active exactly on the boundary of
stereographic triangle.
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any non-corner crystallographic orientation and might be
used for specimen life prediction as has been shown by
Shah et al. (2004)..

6.2. Model Implementation for cyclic loading

Most of the RI models were used to deal with mono-
tonic loading response, but here we apply our approaches
to cyclic loading schemes and verify our simulation predic-
tions against test results obtained on PWA 1484 Ni-based
superalloy at isothermal conditions. There are several well
known observations that should be modeled while analyz-
ing the cyclic tests:

(i) Bauschinger effect – initial reduction of the reverse
proportional limit and

(ii) Cyclic softening – reduction of initially high harden-
ing rate due to cyclic transient effects (Hu et al.,
1992; Watanabe et al., 2002; Xu and Jiang, 2004).

The Bauschinger effect is controlled by the evolution
equation for the back stress xðtÞ (see Eq. (11)). During
the reverse cycle the back stress is not yet steady and the
absolute value of the effective stress js�xj reaches the
critical value earlier than during the initial ‘‘forward” load-
ing step. Experimental results (Lin, 1995) indicate that the
cyclic softening effects are active only during transient

Fig. 8. Slip systems shear for simple tension of single crystal PWA 1484 along h�236 i crystallographic orientation.
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regime which is approximately equal to the time needed
for the back stress to change sign, therefore, they will be
important if dwell effects (creep-fatigue interaction) are
considered. During creep-fatigue interaction the disloca-
tion cells structure is dissolving while the back stress and
the effective RSS have different signs and the dislocation
growth rate slows down. We simulate this effect by cor-

recting a mobile dislocation rate term in Eq. (12) with a
cyclic softening term proportional to signð _xa � _caÞ:

1a ¼ 1
2

2� g 1� sign _xa � _cað Þ½ �f g ð19Þ

where the parameter g has to be adjusted to reflect the
intensity of cyclic softening. In our calculations, we used
g ¼ 1; which means that there is a non-hardening plateau
during transient unloading. The signum function in Eq.
(19) is used to produce a step change in fa when the sign
of _xa � _ca changes. Evolution equations for mobile disloca-
tions along each slip system are modified in the following
way:

_qa
m ¼ 1aM

sa �xa

sa

� �
_ca e2qss

m þ qss
p � qa

p � e2qa
m

q0

 !
ð20Þ

If the back stress and the effective RSS have the same
signs the dislocation microstructure deforms in similar to
monotonic loading with the parameter 1 � 1.

Otherwise, if the signs of the back stress and slip shear
rate are opposite, the dislocation cells structure is dissolv-
ing and the dislocation growth rate slows down. It is
important to note that during any monotonic loading
parameter 1 � 1 and Eq. (20) is identical to (12).

During reasonably fast strain-controlled LCF tests, our
results have demonstrated this effect is small.

Results of the model implementation against test data
are shown in Figs. 14–16. Fig. 14(a–c) shows a compari-
son of model prediction against experimental data for
h0 0 1i single crystal PWA 1484 cyclically loaded up to
a 1% strain amplitude at a temperature of 870 �C. Due
to strain hardening the overall loops shift up in the
stress–strain plane and the hysteretic loop is getting nar-
rower. We present the modeling results together with
measured test data for the first cycle (Fig. 14a) and cycle

Fig. 10. Crystal lattice re-orientation of the single L12 crystal due to
simple tension along h�2 36i crystallographic axis; (a) type A boundary
conditions, (b) type B loading conditions, and (c) central element of the
cylinder model.

Fig. 11. Cylinder FEM used for the simulation of single crystal tensile
sample.

Fig. 12. Stereographic view of the necked h�236i single crystal specimen
after overall tension to 20%.

Fig. 13. Elliptical cross-section in the necked part of the specimen.
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Fig. 14. Predicted stress–strain relations against experimental data for strain-controlled cyclic test up to 1% strain along h0 0 1i crystallographic direction at
870 �C. Results are shown for the first cycle (a), cycle 10 (b), and cycle 30 (c).
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#10 (Fig. 14b), as well as cycle #30 (Fig. 14c) where the
cyclic loop is stabilized. One can see that simulation re-
sults are extremely close to the test observations.
Fig. 15 shows stress–strain relations for h1 1 1i oriented
single crystal cyclically deformed under strain-controlled
conditions to the mechanical strain range of 0.8% at tem-
perature of 870 �C. Due to the high Young’s modulus the
yield is more pronounced along the h1 1 1i orientation

and the loop is wider open than at the similar loading
conditions along the h0 0 1i crystallographic direction.
Comparison of predicted vs. measured data demonstrates
the high quality predictions of the model. Modeling re-
sults obtained for h�123i single slip orientation compared
against test data are shown in Fig. 16 for the isothermal
conditions of 870 �C and strain range of 0.8% with R = �1.
The deformation starts with ð111Þ½01 �1� single slip system.
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Fig. 16. Predicted stress–strain relations against experimental data for strain-controlled cyclic test up to 0.8% strain range along h�123i crystallographic
direction at 870 �C.

Fig. 17. Test data and model predictions of creep-fatigue interaction with 5 min dwell time at tension and compression for strain-controlled cyclic test up
to 0.8% strain range along h0 0 1i crystallographic direction at 982 �C. Stress–strain loops stabilize by cycle #30.
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The loop is extremely wide due to the relatively low yield
value for the single crystal along single slip crystallo-
graphic direction. Errors of the numerical prediction are
less than 10% which is good for a single slip crystallo-
graphic orientation. Model predictions can be improved
by refining with tension–compression asymmetry proper-
ties in the model. We did not pay attention to this issue
in this work. Finally, we conduct the creep-fatigue interac-
tion test at 982 �C to the mechanical strain amplitude of
0.8%. We hold a constant strain for 5 min at both tension
(T) and compression (C) maximum strain conditions
(generating stress relaxation) during each cycle. The
stress–strain curves calculated and measured at the cycle
#30 are shown in Fig. 17. The numerical correction (19)
and (20) appear to be important for model prediction of
ratcheting during stress–strain loop stabilization.

The numerical results demonstrate that our combined
creep–rate-independent elastic–plastic model is capable
of obtaining extremely good predictions for both the
monotonic and the cyclic elastic–plastic–viscoplastic re-
sponse of a L12 single crystal.

7. Concluding remarks

We have developed a comprehensive combined creep–
RI plasticity constitutive model and have implemented it in
the commercial finite element software ANSYS as a mate-
rial user routine. The equations governing the mechanical
response have been calibrated using existing creep and
simple tension elastic–plastic experimental data. The mod-
el predicts the crystallographic lattice rotation during
deformation, which is important during material process-
ing and cyclic ratcheting, especially around geometrical
features such as cooling holes in single crystal turbine
blades. The model also predicts material yield anisotropy
and yield – thermal dependence.

Our combined creep and rate-independent cyclic crystal
plasticity formulation accurately describes monotonic as
well as cyclic loading for a wide range of generic non-iso-
thermal conditions. The model can uniquely determine
the amount of shear along active slip systems at each
increment and predicts cyclic ratcheting, loop stabilization
and cyclic softening due to dwell time. The developed ap-
proach is numerically robust and efficient, allowing
numerical analysis of tens and even hundreds cycles pro-
viding a working tool for low cycle fatigue (LCF) and ther-
mal mechanical fatigue (TMF) prediction analyses. Based
on our modeling results and their comparison with exper-
iments it is possible to conclude the following:

(1) Our rate-independent plasticity model does not
interfere with time dependent creep effects and pro-
vides reliable results over a wide range of loading
conditions from fast LCF test to long creep and
creep-fatigue regimes.

(2) A physics-based crystal plasticity model combining
latent and kinematic hardening, dislocation density
evolution under monotonic and cyclic loading has
been developed and verified against monotonic
and cyclic set of tests.

(3) The combined creep–RI plasticity model has been
extended to cyclic loading conditions. Our model,
calibrated against monotonic tensile creep and elas-
tic–plastic responses, accurately predicts cyclic
behavior with and without stress relaxation (dwell
time).

(4) The major deformation mechanisms of high temper-
ature creep and plasticity of Ni-based single crystal
superalloy are octahedral {1 1 1}(1 1 0) and cube
{0 0 1}(1 10) crystallographic slip.

(5) Single slip crystallographic orientations deform
mostly non-homogeneously, which leads to necking
and subsequently shorter life.

(6) Ovalization of the plastically deformed single crystal
specimen can be readily predicted and might be cor-
related with time to failure.

The combined theoretical–numerical–experimental
study of single crystal PWA 1484 Ni-based superalloy re-
ported here increases our understanding of viscoplastic
deformation in L12 systems; it holds substantial promise
through future work and through further refinement. In
particular, the model can be used to more accurately ac-
count for the thermal-cyclic effects and for non-homoge-
neous transient temperature effects on a deformation.
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