M344 - ADVANCED ENGINEERING MATHEMATICS

Lecture 9: Orthogonal Functions and Trigonometric Fourier Series

Before learning to solve partial differential equations, it is necessary to know how to
approximate arbitrary functions by infinite series, using special families of functions. This
process is called Fourier approximation, and the families of functions we use are called
orthogonal families.

Orthogonal Families of Functions

Def 1 An infinite collection of functions S = {®g(t), P1(t), P2(t), -} = {Pn(t)}2, is
said to be an orthogonal set on the interval [, 5] if

/[3 D, ()P, (t)dt =0, whenever m # n. (1)

Suppose S = {®,(t)}22, is an orthogonal set on [a, (], and we want to represent an
arbitrary function f(¢) by a series of the form

n=0

If we assume that this series converges to f(t) on o < ¢t < (3, it is then easy to find the
coefficients a,,. For any m = 0,1,2,---, using equations (1) and (2),
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and therefore, a formula for the mth coefficient in the Fourier Series for f(t) is
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We are going to need to find Fourier approximations for arbitrary functions f(¢) in terms
of different sets of orthogonal functions. In computing the coefficients by integration, life is
sometimes simplified if we know that the function f satisfies certain properties.



Review of Even and Odd Functions

Def 2 A function f(t) is called an even function if f(—t) = f(t) for all t in the domain
of f; it is called an odd function if f(—t) = —f(t) for all t in the domain of f.

If f and g are both odd functions, or both even functions, then the product f(t)g(t) is
even; and if one is even and the other is odd then the product is odd.

Even functions are symmetric about the y-axis. Some examples of even functions are
constants, any even-degree polynomial like t2 or t* 4 3t%, and cos(wt). For any even function
f(), f_LL ft)ydt =2 fOL f(t)dt. Odd functions are symmetric about the origin. Examples are
odd-degree polynomials t, 2t — 51, and sin(wt). If g(t) is an odd function, ffL g(t)dt = 0.

The two figures belovv73 showing graphs of an even function f(z) = —0.35z* + 22 + 1 and
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an odd function g(r) = ¥5>%, illustrate the above properties.
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Figure 1: Even function f Figure 2: Odd function g

Two functions, which you may not have seen before, should be added to this list. They
are the hyperbolic sine, sinh(¢), and hyperbolic cosine, cosh(t). We will be using these
functions when we solve partial differential equations. They are defined as follows:

t ot t ot
sinh(t) = %, cosh(t) = %

Check that they satisfy the differentiation formulas

% sinh(¢) = cosh(t), % cosh(t) = sinh(#).

One other property of these hyperbolic functions, that will be needed later, is that cosh(t)
is never equal to 0, and sinh(¢) = 0 only if ¢ = 0.

Example 1 Show that sinh(t) is an odd function and cosh(t) is even.

To show that a function f is odd, we need to evaluate it at —t and show that this is the
same as the value of —f at t:

(<) _g=(=) ot _ gt bt
sinh(—t) = & 26 — > c - ¢ 26 — —sinh(t).




To show that cosh(t) is even, we show

(=) —(=1) —t t
cosh(—t) = c J;e _— ;6 = cosh(t).

Example 2 Show that if f is an even function and g is odd, then the product f - g is an
odd function.

Again we need to show that the product function f - g, evaluated at —t, is equal to the
negative of its value at t.

frg(=t) = f(=t)-g(=t) = f(t) - —g(t) = = F - g(1).

Trigonometric Fourier Series

We are now ready to study the approximation of functions in terms of the particular
orthogonal set

7t t 2nt. . 27t nrt,. .  nmut

S = {1, cos( 7 ), sin(f), COS(T), SIH(T)’ o ,COS(T),SIH(T), < b

The series for f, in terms of this set, is usually written in the form

ft) ~ a?O—FZancos(nTm)—&-bnsin(nTm). (3)
n=1

It is called the Trigonometric Fourier Series for f(¢) on the interval [—L, L]. Note that
each function in the set S has period 2L; that is ®,(t + 2L) = ®,,(¢) for all ¢; therefore,
if f(t) is represented by its Trigonometric Fourier Series (3), it will be a periodic function
with period 2L.

Orthogonality of the set S

To show that the set S = {®,,(t)}52 = {{1, cos(3t),sin(3L), cos(Z) - - - } is an orthog-
onal set on [—L, L], we need to show that ffL D, (t)®,,(t)dt = 0 whenever ®,, and ®,,, are
two different functions in S.

Showing that f_LL sin(21t) - 1dt = 0 and f_LL sin(27%) cos(It)dt = 0 for any integers m
and n is easy since in both cases the integrand is an odd function; that is, it is the product

nmt

of an even function times an odd function. Using the fact that cos(™£*) is an even function,
and sin(nm) = 0 for any integer n,

L L
2L
/_L Cos(nTﬂ-t) -1dt = 2/0 cos(%rt)dt = E(Sin(nﬂ') —sin(0)) = 0.

Showing that the product of two sine functions or two cosine functions integrates to zero is
done using trig substitutions and is left to the exercises.



In the next lecture we will have a theorem stating which functions f(¢) have conver-

gent Fourier Series. For these functions, the coefficient of ®,(¢) in the series is equal to
5
W For the trigonometric Fourier Series this implies that for n > 1,

f f(t) cos(™rt)dt f f(t) sin(2rt )dt

[F (cos(2t))2dt I (sin(2t))2dt

You are going to show in the exercises that ff (cos(Zrt))2dt = f (sin(2r))?dt =
for any n > 1; therefore, the formulas for the coefficients a,, and b,, are

- L
- %/_Lf(t)cos(nfm)dt, b, = %/_Lf(t)sm(%m)dt

SEL f()dt .
=—t———: and since
Jop 124t

When n = 0, the coefficient of ®o(t) = 1 in the Fourier Series is
ffL 1dt = 2L, if we use the formula for a,, to compute the constant coefficient, it must be
divided by 2. Note that the Fourier Series in equation (3) starts with the term ag/2. It is
also helpful to recognize that the constant ag/2 must be the average value of the function
f(t) on the interval [L, L]. This is true since each of the sine and cosine functions has average
value zero. (Remember from Calculus that the average value of a function f(¢) on the
interval a < t < b is defined as ﬁ f: f(t)dt

In the next lecture we will summarize properties of the Trigonometric Fourier Series, and
state for which functions f(t) these series converge; but first we can do a simple example.

Example 3 Find a trigonometric Fourier Series for the piecewise continuous function

1 if-L<t<0
f(t):{ 1 zfogtgL

First, notice that f is an odd function, and therefore the coefficients an, = 1 f f@®) cos(”“t)dt
are all zero since they are the integral of the product of an even function times an odd func-
tion. Note that the coefficients b, are integrals of even functions, so that

/ F(#) sin("TE nﬂ't )Vt — /f ) sin n7rt)

0 if n is even

L nmw
— %/0 1 - sin( t)dt (i)(%)(*cos(”ﬂ)Jrcos(o)) { L ifnis odd

nm

The Fourier Series for f(t) can therefore be written in the form

o0 it 3nt 5nt
O~ > %sin(%ﬂt) = % (Sm(lL) + Sn(3L )4 Sm(5L ) +> :

Choosing a particular value, L = 1, an approzimation to f(t) was obtained by taking terms
in the sum out to n = 21. A graph of this finite approzimation is shown in Figure (3). It
shows clearly that the Fourier Series is a periodic function, of period 2L = 2.



Fourier series, using first 11 nonzero terms
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Figure 3:

Practice Problems:

1.

. * Approximating a function f(t) by a Maclaurin series > ° ! —

Determine whether each function below is even, odd, or neither.

(a) 1+1¢2 Ans: even (d) 1+ 2cosh(t) Ans: even
(b) sin(2t) + 6t Ans: odd (e) 1+ ¢3 Ans: neither

(c) et Ans: neither

Use the trig identity cos(A)cos(B) = 3(cos(A — B) + cos(A + B)) to show that if
m # n, then f_LL cos( 1) cos( L )dt = 0.

Hint: the integrand is an even function.

Use the trig identity sin(A)sin(B) = 1(cos(A — B) — cos(A + B)) to show that if
m # n, then f_LL sin(2rt) sin( ) dt = 0.

. Show that ffL(cos("T”))th = ffL(sin("Tm))2dt = L for any integer n > 0. Hint: use

_ 14-cos(2z) 1—cos(2z)
== =

the trig formulas cos?(z) and sin®(z) = =<

* Let f(t) =2 for —1 <t < 1, and assume that f(¢) is periodic of period 2.

(a) Draw a graph of this function on —3 <t < 3.

(b) Find a formula for the coefficients of the Fourier Series for f(¢).

(c¢) Using all terms out to n = 3, sketch a graph of the Fourier Series approximation
to f(t) on the interval [—3, 3].

(n)
ﬁt” is equivalent to

using the set of functions S = {1,¢,t2,#3,---}. Is this set of functions orthogonal on
[—1,1]7 Either prove that it is, or find two integers m # n such that fil t™ - t"dt # 0.

. * There is a set S = {FPo(t), Pi(t), P2(t), -} of polynomials, called the Legendre

polynomials, which forms an orthogonal set on the interval [—1, 1]. For each integer
n=0,1,2,..., P,(¢) is a polynomial of degree n. Look up Legendre polynomials on
the web, or in a text book, and find the formulas for Py(t), Py (¢),--- , Ps(t). Also find
a recursion formula that allows you to use P,_2(t) and P,_1(t) to determine P, (t).



