M344 - ADVANCED ENGINEERING MATHEMATICS
Lecture 4: General Solutions, the Aging Spring Equation

Given any second-order linear differential equation, with non-constant co-
efficients, there exists a general solution, in terms of series, about any ordinary
point t = ty. This is what the following theorem says.

Theorem 1 Let ty be an ordinary point for the equation

y" +p(t)y + q(t)y = 0. (1)

Then this equation has two linearly independent analytic solutions of the form
Yi(t) = D0 o bu(t —to)™ and yo(t) = Y 0"y cn(t —to)™. The general solution
of the equation can be written in the form y(t) = Cryi(t) + Coys(t). Moreover,
the radius of convergence of the power series solutions is at least as large as

the distance from ty to the nearest singular point (real or complez) of equation

(1).

Example 1 Use Theorem 1 to determine the minimum radius of convergence
for series solutions (expanded about t = 0) for each of the following equations:
(a) (1 —t)y" + 4ty + cos(t)y = 0;
(b) y' + rhay’ + @2+ Oy = 0;
(c) ty" + sin(t)y’ + t*y = 0.

In (a), p(t) = {2 and q(t) = Ci’i(z) are analytic everywhere except att = 1;
therefore the minimum radius of convergence of a series solution about t = 0
s R=1.

In (b) the coefficients are analytic for all real t. The coefficient p(t) = 1J+t2
is undefined only at t = i, and the distance from i to the origin (in the complex
plane) is 1. Therefore series solutions expanded about t = 0 will converge at
least for —1 <t < 1.

In (c), p(t) = sin(t)/t and q(t) = % = t are both analytic for all t.
To see that sin(t)/t has no singular points, consider the series sin(t)/t =
T =33+ /50— o) = (1 —¢2/31 +t*/5! — --), and use the Ratio Test

to show that this series converges for all t.

In the next example, we solve completely a non-constant coefficient equa-
tion of this type, and show that the two linearly independent solutions may
either be elementary functions such as sines, cosines, exponentials, etc., or may
be given by a series that cannot be written as a combination of such functions.

Example 2 Find a general solution of the differential equation

20" +ty +y = 0. (2)



This equation can be thought of as a mass-spring equation in which the
damping coefficient is increasing over time. It starts out undamped, and be-
comes over damped when t > /8. It can be put into standard form by dividing
by 2, and it is clear that any value of t is an ordinary point, since p(t) = t/2
and q(t) = 1/2 are analytic for all t. We will assume series solutions around
t =0, and according to Theorem 1 these series will converge for all t.

Let y(t) = > 0" ant™. Then

2 i n(n — Da,t"? +t i nat"t + i a,t" = 0.
n=2 n=1 n=0

Making the change of index m = n — 2 in the first sum, and m = n elsewhere,

iQ m =+ 2)(m + 1)@y ot™ +Zmamtm+2amtm—0
m=0

m=0 m=0

[e.e]
Z 2(m + 2)(m + 1)am42 + may, + a,]t™ = 0.
m=0
Form =0,1,2,---, the coefficient 2(m + 2)(m + 1)amym12 + (m + 1)a,, = 0;
therefore, the recurrence relation is
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Let ag = x(0) and a; = 2'(0) be arbitrary constants. Then, solving succes-
sively for as,as, -+, in terms of ag and aq,
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and therefore,
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where ag and ay are arbitrary. Thus y(t) = agyi(t) + a1y2(t) where y1 and yo
are the two series solutions referred to in Theorem 1; that is

t2 t4 t6 t2n
wh=l-s5+3 31 w2167 T aoso. o
and
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By doing some algebra, the function y, can be written as an exponential
function. Note that the denominator in the nth term is

2".2-4-6---2n =2"2(1)2(2) - -- 2(n) = 2*"n!;
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therefore and using the Taylor Series for e,

o0 2n
yi(t) = Z(—l)”(t/Q) = ¢ 2" Check it!

n=0

Similarly, the second series, for ys, can be simplified by noting that 1 -3 -

507 (on+ 1) = N Bl e T
> n!
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but this series can not be written in terms of elementary functions. However,
we know from Theorem 1 that it does converge for all t. This can also be
checked by the Ratio Test:
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and since L = 0, the radius of convergence is R = + = 0.

If MAPLE is used to solve the differential equation (2), it responds with
the answer z(t) = Cyerf(it/2)e ""/* + Cye~**/4. This is the same as our result,
and erf(it/2) is one of the special functions (the complex Error Function) for
which MAPLE has a series solution programmed. The point is that you can
often solve a non-constant coefficient equation in terms of series, but you must
have some idea of what the results look like, so you know how to interpret
them. Many of the second-order non-constant linear equations have been
given special names, and their series solutions have been studied carefully. We
will see examples of this when we study Bessel Functions and other Special
Functions later.

Aging Spring Equation

A slightly more complicated example of an equation with time-varying
coefficients is the Aging Spring equation

ma” + bx' + ke V'x = 0, (3)

which models a mass-spring system where the restoring force of the spring is
weakening over time. The new problem here is that the spring constant is
replaced by a decaying exponential function, and series multiplication must
be used to obtain the recurrence relation.



Using the exponential series

—vt V2,
e :1—yt—|—§t+...:
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and letting x(t) = Y 7, a,t™, we can write the term ke "'z in series form as
follows:

—vt,, - <_Vt)n - n\ __ - - <_y)] n
ke x—k:(z .y )(Zant )—k:z Zan_jT t".
n=0 n=0 n=0 \j=0
The differential equation (3) becomes
mz n(n — 1a,t" 2 + bz nat" '+ k Z Z Anj i t" = 0.
n=2 n=1 n=0 \j=0
Changing the index to s = n — 2 in the first series and s = n —1 in the second,
Z m(s+2)(s+1)asot® + Z b(s+ 1)as1t® + Z k Z as—j i t° = 0.
5=0 5=0 5=0 §=0 ’
Then for s =0,1,2,---, each coefficient of t* must be zero; that is,

m(s+2)(s+ 1)asyo + b(s+ 1)asy + k (i asj(_TT)]) =0,

j=0
and the recurrence relation is

—b(s+ 1)ass1 — k (Zj‘:o as_j(_J—l;)]
m(s+1)(s + 2)

>, s=0,1,2,---. (4)

As42 =

In the next example, this recurrence relation will be used to solve an initial-
value problem for a particular aging spring equation.

Example 3 Find a series solution about t =0 for the IVP
" +0.50" + 4 "%z =0, 2(0)=1, 2/(0) =0.
In this particular case, m = 1,b = 0.5

Y
conditions give ag = x(0) = 1 and a; = 2/(0
recurrence relation above gives

k = 4,v = 0.2, and the initial
) = 0. Starting with s = 0, the
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therefore, the series solution for x(t) begins with the terms

7
x(t):Go+a1t+a2t2—|—a3t3+...:1_2t2+ﬁt3+...'

This can be checked in MAPLE by executing the instructions
deq = dif f(x(t),t$2) + 0.5 x dif f(x(t),t) + 4.0 x exp(—0.2 x t) * z(t) = 0;

dsolve({deq,x(0) = 1.0, D(z)(0) = 0}, type = series);

This will produce the response: x(t) = 1—2t*+ =t3+ 3544 D965+ O (1),
The term O(t%) means that the rest of the series is “on the order of t°7; that
is, it can be considered as some constant times t® for small t . If more terms
in the series are required, you can first execute “Order = N7, and this will tell
MAPLE to use N terms when it prints out a series.

The series solution in Example 3 will give a reasonable approximation to
z(t) for 0 < t < 2 (see Figure 1), and by using more terms it could be made
better, but we will be able to obtain a better series solution, that gives us
more information, after we have studied Bessel functions.
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Figure 1: MAPLE and series solutions of 2” + 0.52' + 4e %%z = 0



Practice Problems:

1.

In Example 2, show by substituting into the equation, that the function
y1(t) = e /4 satisfies the differential equation 2y” + ty' +y = 0.

For which values of ¢ > 0 is the system modelled by the equation y” +
3y + (2 +t)y = 0 under damped?

Ans: For t > i.

Substitute y = >~ a,t" into the equation y” + 3y’ + (2 + t)y = 0, and
find a recurrence relation for the coefficients a,,.

. o _ 73(n+1)an+1*2an7an—1 _
Ans: Forn =0,1, Qo = (1) () , a_1 =0.

* Find the first 4 non-zero terms in the series about ¢t = 0 for the initial-
value problem y” + 3y + (2+t)y =0, y(0) =1, %' (0) = 0. Use the
recurrence relation found in the previous problem. Check your series
using MAPLE. What is the radius of convergence of this series?

* Find a general solution of the form x(t) = agx1(t) + ajxe(t) for the
differential equation y” + ty’ + 4y = 0. What does MAPLE give for a
solution?

Multiply the series y = Y a,t" times the Maclaurin series for e 01t

and write out the first 4 terms (they will contain some of the coefficients
ag, ai, -+ ).

Ans: e 0l y(t) = S0 (COID7, Yoo g ant™ = ag+ (a1 — 0.1ag)t + (as —

n=0 n!

0.1a; + 0.005a0)t* 4 (a3 — 0.1as + 0.005a; — 29 ag)t® + - - -

* Find by hand the first 4 non-zero terms in the series solution of
2" +2e M2 =0, 2(0)=2, 2/(0)=—1.

Use the recursion relation labelled equation (4). Use MAPLE to check
your answer.

* Use DEplot in MAPLE to solve numerically the initial-value problem
" +2e %y =0, z(0) =2, 2/(0) = —1. Display this solution together
with the series solution found in Problem 7.



