M344 - ADVANCED ENGINEERING MATHEMATICS

Lecture 22: A Population Growth Equation with Diffusion

The logistic population equation studied in ordinary differential equations

classes has the form: 0
t
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where p(t) is the population of some species at time ¢, r is its intrinsic growth
rate, and K is the carrying capacity of the ecosystem in which it lives. If the
ecosystem contains two interacting populations, a predator population p(t) and
its prey q(t), the following system of equations is sometimes used by biologists
to model their growth:
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where a is the predator attack rate, 7" is the predator handling time, € is
the predator conversion efficiency, p is the predator death rate, and c is the
predator density dependence.

It is also a standard technique to assume that the populations are diffusing
in space; that is, to add diffusion terms to each equation to obtain the following
system of partial differential equations in the population variables p(x,y,t) and

q(z,y,t):
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Here, the constants D, and D, represent the diffusion rates for the predator
and prey, respectively.

The following theoretical problem was brought to the writer’s attention
by a biologist: if the exponent c¢ is greater than one, is there a possibility
of diffusive instability in the case where the non-spatial model (1) is stable,
and D), is sufficiently greater than D,? The following parameter values were
suggested by the biologist: » = 0.3, K =5, a=1, T =2, e = 1.5, p =
04, ¢ =15, D, = 0.1, D, = 0.03. These values were chosen to model
a problem involving a lake containing populations of zooplankton (predators)
and algae (prey). The populations are assumed to inhabit a rectangular region
0<z<20and 0 <y < 15.



The non-spatial model (1) can be solved numerically using the DEplot
command in MAPLE. With the above parameter values, DEplot was used to
graph the phase plane of (1), and the result is shown in Figure 1. Note that
there appears to be a stable spiral sink at (q,p) ~ (0.27,.44). This can be
easily checked by finding the equilibrium points and then using the Trace-
Determinant plane to determine their type. This also provides a very nice
review exercise for the student.
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Figure 1: Phase plane for system (1)

To solve the system (2), we note that each equation is a parabolic partial
differential equation, but each contains nonlinear terms in p and ¢; however,
the method we have used for parabolic p.d.e.s still works. Approximating
% and % by forward differences, and the second-order partials by central
differences the reader is invited (indeed, encouraged) to check that the result
is the following system of difference equations for P, ; =~ p(i*dx, k*dy, j*dt)

and Q;x; ~ q(i *dx,kxdy,j*dt), i=0,1,..,N, k=0,1,....,M. The new
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If neither population flows across any of the edges of the lake, we can

assume % and % are zero on the boundaries where x = 0 and z = 20, and

similarly, g—z and g—z are zero on the boundaries where y = 0 and y = 15. In

the MAPLE program, making % = 0, for example, is done by assuming the

p(Ax,y,t) 7p(7Axay7t

Ay ) — 0 for all y and ¢. This is simulated by

central difference




making P ; = Py for k =0,1,..., M at the beginning of each time step.
The other three conditions are handled similarly.

The initial condition requires specifying an initial predator population
p(z,y,0) = f(z,y) and initial prey population ¢(z,y,0) = g(z,y) where f
and g are functions defined on the rectangle 0 < z < 20,0 <y < 15.

The MAPLE program on page 5 was used to compute 500 time steps with
At = 0.5, and with the x and y intervals partitioned so that Az = Ay = 1.0.
For each 7 = 0,1, ...,500 the results were stored in two 20 x 15 matrices, one
for the predator distribution and the other for the prey. The surface defined
by each of these matrices was plotted using the command matrixplot and the
resulting plots were stored in two lists. Each of these lists can be animated
to show how the corresponding population varies over time. Figures 2-9 show
the two populations at various times.
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Figure 4:Predator at t = 25 Figure 5;Prey att = 25

The initial functions were chosen arbitrarily. The initial predator popula-
tion is modelled by a sum of three exponential functions of the form e~ ((==2)*+y=9?)
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Figure 8:Predator at ¢t = 250 Figure 9:Prey at t = 250

where the three points (Z, ) were chosen to be (0.3H,0.3L), (0.7H,0.2L), (0.8H,0.7L),
with H = 20 and L = 15 being the dimensions of the rectangular lake. The
initial prey population was given by

q(z,y,0) = g(z,y) = 0.29 + 0.005 sin(67x/L)y(H — v),

which meant that the prey was scattered more or less equally over the rectan-
gular region. It was found that, while there was a rather interesting transient
behavior (especially see Figures 4 and 5), by the 500th time step (¢ = 250.0),
both populations had nearly converged to a constant value over the entire
rectangle. The reader is invited to try changing parameters and/or initial
functions to see if it is possible to produce a system where the distributions of
the predator and prey populations oscillate infinitely without converging to a
constant solution.

Exercises:

1. * (There will be a problem similar to this on the Final Exam)

Let P(x,t) be the size of a single population at a point = at time ¢. It is
assumed that P satisfies the partial differential equation
0P o0?pP

5 = Doy +7P(1 = P/K).
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Write a difference equation that would allow you to solve for P(z,t+
At) in terms of values of P at time ¢. What would you need in terms of
boundary conditions and initial conditions? Be specific.



MAPLE program for the predator-prey system with diffusion

Len:=20: N:=20: #length of pond

Hgt:=15: M:=15: #width of pond

r:=0.3: #prey intrinsic growth rate

K:=b5: #prey carrying capacity

a:=1.0: #predator attack rate

T:=2.0: #predator handling time

eps:=1.5: #predator conversion efficiency

mu:=0.4: #predator death rate

c:=1.5: #predator density dependence

Dp:=0.1: Dq:=0.03: #predator and prey diffusion rates

pie:=evalf(Pi,10):

g:=(x,y)->0.29+0.005* (sin(6*pie*x/Len))*y* (Hgt-y) :

f:=(x,y)->exp(-(x-0.3%Hgt) A2- (y-0.3*Len) A2) +exp (- (x-0.7*Hgt) A2
-(y-0.2%Len) A2) +exp (- (x-0.8*Hgt) A2-(y-0.7+Len) A2) :

dx:=Len/N: dy:=Hgt/M: dt:=0.5: Cpx:=dt*Dp/(dx*dx):

Cpy:=dt*Dp/(dy*dy): Cqgx:=dt*Dq/(dx*dx): Cqy:=dt*Dq/(dyx*dy):

for i from O to N do for k from O to M do ## store the initial populations

P[i,k,0]:=f(ixdx,k*dy); Q[i,k,0]:=g(i*dx,k*dy); od; od:

S:=500: for j from O to S-1 do ## start a time step

for i from O to N do

P[i,-1,j1:=P[i,1,3]; Q[i,-1,31:=Q[i,1,j];

P[i,M+1,j]1:=P[i,M-1,j1; Q[i,M+1,j]:=Q[i,M-1,j]; od;

for k from O to M do

P[-1,k,j):=P[1,k,j]; Q[-1,k,j]1:=Q[1,k,j];

P[N+1,k,j]l:=P[N-1,k,j]; QIN+1,k,j]l:=Q[N-1,k,j]; od;

for i from O to N do for k from O to M do

P[i,k,j+1]:=P[i,k, jl+Cpxx(P[i+1,k,j]l-2*P[i,k,jl1+P[i-1,k,j])
+Cpy* (P[i,k+1,j1-2+P[i,k,j1+P[i,k-1,3])
+dt*axeps*P[i,k,j1*Q[1,k,j]/(1+axT*Q[i,k,j])-dt*mu*P[i,k,jlAc;

> Qli,k,j+11:=Q[i,k,jl+Cqx*(Q[i+1,k,j1-2*Q[i,k,jI+Q[i-1,%k,j])

+Cqy*(Q[i,k+1,j1-2*Q[i,k,jI1+Q[i,k-1,3]1)
+dt*r*Q[i,k,j1*(1.0-Q[1,k,j1/K)-dt*a*xQ[i,k,jI*P[i,k,j1/(1+a*T*Q[i,k,j1);

> od; od; od:

To set up the animation:

> with(plots): with(linalg):

> for s from O to S do Pred[s]:=linalg[matrix] (N+1,M+1);
Prey[s]:=linalg[matrix] (N+1,M+1);

for i from 1 to N+1 do for k from 1 to M+1 do Pred[s][i,k]:=P[i-1,k-1,s];

Prey[s][i,k]:=Q[i-1,k-1,s]; od; od;

GPrey[s] :=matrixplot (Prey[s],axes=frame,gap=0.02,style=patch);

GPred[s] :=matrixplot (Pred[s],axes=frame,gap=0.02,style=patch);od:

Lpred:=[]: Lprey:=[]1: for u from O to S do
Lpred:=[op(Lpred), [GPred[ul]]; Lprey:=[op(Lprey), [GPrey[ull];
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> od:

To run the animation:

> display3d(op(Lpred),insequence=true);
> display3d(op(Lprey) ,insequence=true) ;



