M344 - ADVANCED ENGINEERING MATHEMATICS

Lecture 20: The Wave Equation on a Rectangle

We will assume that a flexible membrane is stretched on a rectangle, under
tension, and is kept fastened around the boundary. If it is given an initial velocity
and/or acceleration, its displacement u(x,y,t) can be assumed to satisfy the wave
equation in two space dimensions given by:

Uty = € (U + 1y ) (1)

Note that the constant ¢> = £ where T is the tension (force) and p is the linear
density. The rectangle R = {0 <z < L,0 <y < H}, and the initial and boundary
conditions are given by

e Boundary conditions:

w(z,0,t) =u(x,H,t) =0for 0 <z < L, t >0
w(0,y,t) =u(L,y,t) =0for 0 <y < H,t >0
e Initial conditions:
u(z,y,0) = a(z,y) (initial displacement for (z,y) in R)
ur(z,y,0) = B(z,y) (initial velocity for (z,y) in R)

Solution by the Method of Separation of Variables
First, let u(z,y,t) = h(t)®(x,y), and then substitute it into equation (1):

hﬂ@ _ C2<h(pxx _'_ h(byy) - h_” _ ®xgﬂ + @:Uy
c2hd c2hd c2h d

This leads to the two differential equations

Y

R"(t) + A*h(t) = 0, Do (z,y) + Dy, y) + AP(z,y) = 0.

Once the eigenvalues A have been determined, it will be seen that they are all
positive, so that the function h(t) will be of the form

h(t) = ¢1 cos(eVAL) 4 casin(eV/AL).
To solve the equation

D, (z,y) + Cyy(z,y) + AP(2,y) =0, (2)
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note that we can obtain homogeneous boundary conditions on ®(z,y) from the
conditions on u, as follows:

u(z,0,t) = h(t)®(z,0) =0, fort > 0= &(x,0) =0 for all z in [0, L],

u(z, H,t) = h(t)®(x,H) =0, fort>0= ®(x,H) =0 for all x in [0, L],
u(0,y,t) = h(t)®(0,y) =0, fort >0= ®(0,y) =0 for all y in [0, H],
uw(L,y,t) = h(t)®(L,y) =0, fort>0= ®(L,y) =0 for all y in [0, H].

Now let ®(z,y) = X (2)Y (y). Then substituting into equation (2),

X”Y+XY”+)\XY_O:>X_”__Y_”_)\ B
XY - X Y o

where p is a second constant to be determined. First solve the Sturm-Liouville
problem X” 4+ puX = 0. From the conditions above on the function ®, we can get
boundary conditions on X.

®(0,y) =X(0)Y(y) =0 for 0 <y < H = X(0) =0,

and
O(L,y) = X(L)Y(y) =0 for 0 <y < H= X(L)=0.

This is the same Sturm-Liouville problem we have solved many tlmes before, and
therefore we know that X,,(x) = sin(*7*), with eigenvalues y,, = L2 ‘n=12,
Next consider the equation Y = (u — A\)Y. The conditions on ¢ give homo—

geneous boundary conditions Y (0) = Y (H) = 0 for this equation also. For each

integer n = 1,2,---, we will be able to find a sequence of eigenvalues A1, Ana, - - -
for which 5
nem
This equation has solutions Y, (y) = sin(“7) with corresponding eigenvalues
Anm — % = m;[’; Therefore, for any integers n =1,2,--- and m=1,2,---,
. nmx. . mmy
(Dnm = Xn Ynm = )
(1) Yn(y) = sin( "7 sin( 7Y
and
P (t) = ¢1 cos(cn/ Aumt) + cosin(ey/ Apmt),
where
m2n?  n’n?



This allows us to write the general solution of equation (1) in the form of a
doubly infinite Fourier Series:

u(z,y,t) Z Z Apm sin( (mgy

n=1 m=1

) cos(ev/ Apmt)

+5°% Bum sin(”zx) sin(m[:;y) sin(ey/Amt).-

n=1 m=1

To find the coefficients A, and B,,,, we use the initial conditions on w:

u(z,y,0) = Z (Z Anm sin(?)) sin(%) = a(x,y)

implies that > > | Ay, sin(*7*) is the mth coefficient in the Fourier Sine Series

for the function «a(z,y), over the interval 0 <y < H. Therefore,

;Anm Sm(nzx H/ a(z,y) sm(m;;y)dy.

Note that this is a function g(x), of the variable z, and A,,, is the nth coefficient
in the Fourier Sine Series for the function g(z) on 0 < z < L. This means that we
can write

2 [F . onTx 2 (Lo H ., mTy . NTT
Anm—z/o g(x)sin(— 7 Ydx = L/o <E/o a(z,y) sin(—— I7i )dy) SIH(T)dIa

that is, A,,, is given by the double integral

4 L H
Apm = ﬁ/g /0 alz,y) sin(m;y)sin(nzx)dydx.

To find a formula for the B,,,, differentiate u with respect to t:

(x,y,t) Z Z Ap sin( mc sm(mHﬂy)cx/ Anm Sin(ev/ Apmt)

n=1 m=1

+ Z Z Bum, sin(?) sin(m]i;y)c\/ Anm €08(ev/ Apmt).

n=1 m=1
At t = 0, using the initial velocity function f(x,y),

o0

= nmx . mTy
:E yv Z ( Bnmc nm Sln( I )) Sln(?) = ﬁ(xvy);
n=1

m=1
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therefore,

Z BN Am sin(?) =
n=1

and
4

Bym = ———
e A LH
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nmwx

L

Ydydzx.

The solution to our problem can now be written as

u(z,y,t) = g mi::l Apm, sin(nzx) sin(m;;y) cos(cy/ Aumt)
+ g n;i; Bum sin(m;x) sin( mwy) sin(cy/ Apmt),
Apm = Iji[—[ /OL /OH az,y) sin(mﬂy)sin(n—zx)dyd%
Bpm = Wﬁ /OL /OH B(x,y) sin(mgy) Sin(nzx)dydx.

Example 1 Assume a membrane is fas
meter on each side. The membrane is

tened on a rectangular frame which is one
matially at equilibrium, and is given an

initial acceleration in the center. The initial position function is a(x,y) =0, and

the initial acceleration function is B(x,y
0<x<1,0<y<1. Assume c=1.

) = —5.0exp(—(z — 0.5)* — (y — 0.5)?) for

position

t t=0.4

position

t t=0.68

position

tt=1.5

Three views of the vibrating membrane, at times t = 0.4,0.68, and 1.5, are
pictured above, and a MAPLE program for solving this problem is shown below.



Program to solve the Wave Equation on a Rectangle

#Define the initial functions:

a:=(x,y)-> 0: # initial position of the membrane

b:=(x,y)-> -5.0%exp(-((x-0.5)A 2 +(y-0.5)A 2)): # initial velocity
c:=1.0: H:=1.0: L:=1.0: P:=evalf(Pi,10): N:=6: M:=6:

for n from 1 to N do

for m from 1 to M do lam[n,m]:=(n*P/L)A 2+ (m*P/H)A 2;

F[m] :=x->(2.0/H)*int (a(x,y)*sin(m*P*y/H) ,y=0..H) ;

G[m] :=x->(2.0/H) *int (b(x,y) *sin(m*P*y/H) ,y=0. .H);
Aln,m]:=(2.0/L)*int (F[m] (x) *sin(n*P*x/L) ,x=0..L);

Bln,m] :=(2.0/(L*xc*sqrt(lam[n,m])))*int (G[m] (x) *sin(n*P*x/L) ,x=0..L);
od; od:

u:=(x,y,t)—>

sum(sum(A[j,k]*sin (j*P*x/L) *sin(k*P*xy/H)*cos(cxsqrt(lam[j,k])*t),j=1..N) ,k=1.

+

sum (sum(B[s,r] *sin(s*P*x/L)*sin (r*Pxy/H) *sin(c*sqrt (lam[s,r])*t) ,s=1..N),r=1.

with(plots): plot3d(u(x,y,0),x=0..1.0,y=0..1.0,axes=BOXED);
PL:=animate3d(u(x,y,t),x=0..1.0,y=0..1.0,t=0..5.0,axes=BOXED, frames=100) :
display(PL,insequence=true); ... # view solution at t=0, 0.1, 0.2,...

M)

M) ;




